Session notes EE103 -Jon Dattorro

Fourier Series Two of our homework problems regard Fourier series, and going in and out of discrete time from continuous time. Let’s review Fourier series as presented on page 17 of Boaz Porat’s DSP book.

Let’s call the sample periodT� and then use the analysis equation, Porat (2.40), to derive the

result for discrete time. Assume that x (t) is periodic int�, -¥ �<�t�<�¥ �, and the period of

repetition for the continuous-time waveform is T o�.�

where Xs(k) is the Fourier series coefficient for the continuous-time waveform. Equation

(2.39) in Porat is the defining synthesis equation stating that a signal can be expressed as a sum of sinusoids. Here we restate it for the discrete sequence.

for positive integerN. The integral limits the range ofn in (1). The multiplication byT compensates for the spectral scaling of a sampled signal as in Porat (3.9). Eq. (1) is true because the aliased spectral lines do not interfere with those of the continuous time signal. Note that (1) is not necessarily periodic ink.

Under this circumstance, what we have is a continuous-time Fourier series then sampled in time.

Let’s try to understand more why (1) is not necessarily digitally periodic ink. Define

1 Tue Nov 20 2001

Then we may write

Equation (2) says that the Fourier transform of a sampled signalis periodic in frequencyƒ at the sample rate. Equation (2) also makes plain the aliasing of the spectral lines of due to sampling in time.

The sampled transform is related to the Fourier coefficientsXs(k) by

So (1) isnot periodic ink primarily because it corresponds to samples in frequency of the Fourier transform of one period of thecontinuous-time waveform, and secondarily because the sampled waveform isnot digitally periodic.

Discrete Fourier Series In the special circumstance thatT�N�=�To�, the discrete signal becomes digitally periodic in n with periodN_�. Making the appropriate substitutions in (1) we get

We can no longer use the same notation in (3) as in (1),(that is, Xs(k)) because now the aliased spectral lines really do interfere with those of the continuous time signal.(Recall that Xs(k) denotes the Fourier series coefficients for the continuous-time waveform.) So we must use the new notationX[k] which is recognized as the expression for the DFT when we cancel the1/N factor on both sides of (3). The normalized DFT, we conclude, is somehow related to the Fourier series. Indeed, we will adopt the name,discrete Fourier series (DFS) in the special circumstance thatT�N�=�To_�.

2 Tue Nov 20 2001

The discrete Fourier seriesis digitally periodic in frequency; i.e., periodic ink. Hence by the IDFS (the substitution of (3) into (2.39a) here), the reformulation ofx[n] requires onlyN samples ofX[k].

Let’s find the relationship between the DFT and the DFS. When the discrete-time signal becomes digitally periodic with periodT�N�=�To�, it can be shown thatEq. (2) reduces to

Equation (4) says that the Fourier coefficients now include a summation of aliased spectral components due to sampling; i.e., replications of Eq.�(2a). When that happens, we call those new coefficients the discrete Fourier series coefficients,X[k]. Eq. (4) is obviously of periodN in k as also shown in Porat (4.66).

In the case that the periodic signal is bandlimited to the Nyquist frequency,X[k] in Eq.�(4) reduces to

3 Tue Nov 20 2001