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» Notation

e Linearity

* Reversal

e Symmetry

» Shift
 Stretch

» Decimation
» Convolution
» Correlation
e Power
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» Definitions, Notation Conventions

Let y(n) be a signal of length N. This corresponds to a spectrum Y(k) also of
length N.

signal yn), n=0,1,2,..., N—1
spectrum Y(k), k=0,1,2,..., N—1

The relationship between y(n) and Y(k)is:

N—-1 o N—1 »
DFTy(y) = Y (k) = nEO y(n)e Jamnk /N — Z0 y(n)e JwgnT’

n=

Standard style: time-domain signals are lowercase and frequency-domain
related spectrum is in uppercase. Notation showing relation between a
signal and is spectrun is an arrow with signal on the left:

y < Y
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e Linearity Theorem:

given constants a and 3, the following relationship between domains is true:

ayl + By < aYp + fY)

Proof:
N-1 ~
DFT (ayy + By2) = < (ayi + Gys) e ImAIN
= axyi(n) e PTEIN | gy yo(n) eTI2RIN
= aY] + BY5
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* Reversal (Flip) Theorem:

[R eve I’S;'—zlli Flip(Y), J

Flip(y) ~ Y or Flip(y) - Flip(Y)

proof:

0

DFT(FLIP(y)) = = y(N —n) e I9n
n=
Let m =N —n

N—1———
x y(mle
N—1——

= ¥ y(m)e/r™
m=0
N—1 .

= X y(m) eI
m=0

I
o
S
=

k(y(m))
(k)

I
|~<
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* Symmetry Theorems

/Symmetry: ™
yreal = YK =Y(K) i.e., YisHermitian
yeven < Yeven
yodd < Yodd,
yrealleven < Yrealleven
yreallodd < Y
y imaginary/even < Yimaginary/even

ky imaginary/odd < Yreal/odd, J
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e Shift Theorem

Shiftyey - e@d vg
(Delay in the time domain corresponds to

an additive linear phase term in the frequency domaign)

Proof:
N-1 —JWLN
DFT(y(n —1)) = £ y(n—1)e /¥ let m=mn—1
n—
N—-1-1 :
= % y(m) e derlmt)
e—
N—-1 -
— _]wk’l ) —Jwgm
e o y(m) e
— eIk Y (k)
Similarly:

ek y(n) & Y(k—1)
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» Stretch Theorem

Proof:

Fourier Theorems QT

Let y(n) = STRETCHJ, ()

[ Stretchgtretch). - RepeaLt(Y)]

where x(n) is

)

length M, and y is length N = L - M. Then,

Y (k)

y(n) e I9k" let m=n/L

IRl

x<m) e—jwkmL

(m> e—jZkaL/N

\g/ ]

T

=3 _R3 _R3

e—jZka/M

3%
T o8
3

Example of the Stretch Theorem:

PN W s

Signal

123456 7"

Frequency Amplitudes

Signal
4
. 3
DFT: : DFT:
1
35 816145 18073"
Frequency Phases Frequency Amplitudes Frequency Phases

15]
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123456 7 5| 35 810 1315 1820 23
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- 35 810145100 23° -m
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e Decimation Theorem

[Decimatien; - sams |
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Proof of the Decimation Theorem:

Let X(I) = ar1asyy(Y)
X haslength L, Y has length N, N=LM. Then,

M—1
X() =5 v+ kL)
MﬁLN1

_ y(n) e I@L+kL?

3
[0
o

TiuT T

y(n) MZ 1 —j27rln/Ne—j27rkn/M
k=0
(n )6—]27Tln/N ]\]:‘[2_01 o—J2mkn /M
M, n a multiple of M or L
0, otherwise

yn

3

Il
|| ™
O O —o

T

y(n)e 7em

o

I
3
|| ™

let n =pM

I
=T 2 X X
EMTEMT
=

. RS T




Fourier Theorems LT 11

e Convolution Theorem

[Convoluer&@m-v ]

Similarly:
Proof:
N—-1
vxy = "5 amy(n - m)
m=0
N—-1N-1 ~
DFT(z % y) = E Zox(m)y(n —m) e JUE"
n=0 m=
N—1 N—-1 ~
= ¥ z(m) ¥ y(n—m)e I
m=0 n=0
N—-1 :
=z x(m) e IR Y (k) by the shift theorem
m=
= X (k) Y(k)
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e Correlation Theorem

(Correlatiany; - xor |
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* Power
[Powery-yxv |
Proof:
(e,0) 25 aln)y(n)
(y * z)(0)
IDFT(X - Y)
_ %Zz‘ol X(k) YF)
= (X,Y)
14

Rayleigh Theorem:

1

2 2

Jof? =+ 1X]

;'\-"T—l |I'{TI“| |£ _ i;‘\-"T—J_ | YFLIF
n=( A N n=0'" W

— special case of the Power Theorem




