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s shown in previous work, the addition of labile 
bonds into a network of nanogel particles not 

only improves the overall strength of the material but 
also allows it to undergo a fair amount of deformation 
prior to failure1-3. Materials that incorporate these 
labile, “low energy” bonds can react autonomously to 
repair any damage that they may endure. It is also 
advantageous to design these materials to withstand as 
much tensile force as possible. By increasing the 
number of labile bonds that can be formed in parallel, 
the strength of the material can be increased without 
compromising its self-healing properties. These 
parallel labile bonds are described through the 
Hierarchical Bell Model4. In this extension of George 
Bell’s original model5, which described the 
dissociation of bonds between cells6, as well as the 
behavior of proteins in a response to stress7, each bond 
has a probability of rupture that is dependent on the 
force being applied to it. In the simulation described 
below, the Hierarchical Bell Model is also used to 
represent the reformation of ruptured bonds. By 
manipulating the number of bonds that can form in 
parallel, stronger materials can be produced. 
 A single nanogel particle is modeled as seven 
nodes, arranged in a hexagonal shape as seen in Figure 
1a. These particles are soft and somewhat deformable, 
but their internal bonds are strong enough that they 
retain their hexagonal shape. The network of nanogels, 
seen in Figure 1b, is interconnected by stable, 
permanent bonds and also by more reactive, labile 
bonds. The permanent bonds are of a higher energy 
and consequently, are more difficult to rupture and 
considerably less inclined to reconnect than the labile 
bonds. The labile bonds are fairly easy to form and 
rupture individually, but larger forces are required to 
rupture an entire array of labile bonds. As the material 
is stretched, several bonds are ruptured and a 
considerable amount of structural deformation occurs. 

As the material deforms, it exhibits self-healing 
behavior as the labile bonds reconnect, shown by 
Figure 2. This preserves the mechanical integrity of 
the nanogel layer.  

A ABSTRACT  The development of materials and 
coatings that can autonomously mend mechanical 
fractures or failures is particularly useful for 
engineering applications. The primary material we 
have studied is composed of soft, deformable gel 
particles of ~100-300 nm in size, called nanogels, 
interconnected by a network of both the labile and 
the less reactive, stable chemical bonds. Through 
computational simulations, we demonstrate that 
introducing labile bonds increases the strength of 
the material. By synthesizing these labile bonds 
such that they can form in parallel, we can now 
introduce for the first time the Hierarchical Bell 
Model for the nanogel bond network, which 
describes the dissociation and reformation of 
these highly reactive labile bonds. In this 
generalized implementation of the Hierarchical 
Bell Model, we consider the possibility of bond 
reformation. Through the simulations, optimal 
properties for designing strong, self-healing 
materials have been determined. We demonstrate 
that using only a relatively low fraction of labile 
bonds and allowing as many as four of these 
bonds to form in parallel, the material strength can 
be increased to 200% of that of a sample 
composed solely of stable bonds. By chemically 
preparing a hierarchy of labile bonds between the 
nanogel units, we can develop a novel self-healing 
material that can withstand considerable stresses. 
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Results  
It is of importance to describe the two 

dimensional configuration of nanogels and its bond 
makeup. The relationship P = nstable/ (nstable+nlabile) is 
used to describe the interconnections of the entire 
system of nanogels. For instance, P = 0.6 represents a 
system with 60% stable bonds and 40% labile bonds. 
The values nstable and nlabile represent the total number 
of stable and labile connections in the initial 
configuration.  
 The parameter N represents the maximum 
number of labile bonds that are allowed to form in 
parallel. As labile bonds form and rupture, the number 
of parallel bonds is not allowed to exceed N. Stable 
bonds cannot form in parallel and are therefore 
independent of the value of N. When a bond exists 
between two adjacent nanogels, it is called a 
connection. A connection may consist of several 
parallel labile bonds or a single stable connection. 
 In order to test the strength of the material, a 
tensile force was applied to each side of the layer as 
seen in Figure 1c. The breaking stress σ is normalized 
to the breaking stress of a P = 1 sample, σ*. For 
example, if a given sample fractured at σ/σ* = 1.1, it 
withstood ten percent more stress than the sample 
composed of all stable bonds. The plot in Figure 3a 
shows the breaking stress of the nanogel samples for 
the range P > .6. We concern ourselves only with this 
range of P to demonstrate the advantages of replacing 
only a small fraction of the stable connections and also 
because the low reactivity of the labile bonds causes 
samples with lower P values to deteriorate even at 
equilibrium.  
 As shown in previous research1, the results for 
the N = 1 sample indicate that the addition of labile 
bonds can increase the strength of the material 
approximately 25% relative to the sample 
interconnected by only stable bonds. With the 

introduction of the Hierarchical Bell Model, these 
results are amplified. We show that through the 
addition of parallel bonds, an N = 4 sample can 
became more than twice as strong as the P = 1 sample. 
This result can be explained by considering the energy 
barriers of the bonds. The energy barrier for the stable 
bonds is 40 percent higher than that of the labile 
bonds. When two of these labile bonds form in 
parallel, the energy barrier that must be overcome to 
rupture both of these bonds is greater than that of a 
stable bond. In essence, an array of labile bonds is now 
stronger than a stable bond.  
 Figure 3b shows that the stress required to 
fracture the system increases with N. Even for high 
values of P, significant improvements in strength can 
be made by increasing the allowed number of parallel 
labile bonds. Figure 3a and 3b show that once the 
hierarchy is introduced, a decrease in P value 
corresponds to an increase the strength of the material. 
In particular for N = 4 an increase of 100% is shown 
even when only 30% of the connections are labile. The 
temperature for each simulation was held at a constant 
300K. All calculations were based on a lattice of 50 
nanogels arranged in five rows of ten. Data was 
averaged between eight independent simulations. 
 While our data suggests that strength can be 
increased further by allowing N > 4, it should be noted 

	  
Figure	   1.	   (a)	   Diagram	   of	   a	   single	   nanogel	   particle;	  
seven	   green	   nodes	   connected	   by	   green	   Hookean	  
bonds.	   (b)	   Schematic	   of	   an	   unstressed	   layer	   of	  
nanogels.	  Red	  lines	  represent	  systems	  of	  labile	  bonds	  
and	   blue	   bonds	   represent	   stable	   bonds.	   (c)	   Layer	   of	  
nanogels	  that	  has	  been	  deformed	  by	  a	  tensile	  force	  

	  
Figure	  2.	  Schematic	  of	  a	  stressed	  nanogel	  layer.	  Pink	  
arrow	   indicates	   a	   gel	   particle	   near	   which	   a	   void	  
opens	  (left)	  and	  then,	  collapses.	  (right)	  
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that samples above this N range exhibited brittleness 
and did not retain their self healing abilities well.  
 
SIMPLIFIED MODEL 
 It is also of importance to observe the evolution 
of a single bond system solely as a function of the 
stress on a bond to see exactly how the Hierarchical 
Bell Model behaves. In order to see how probability 
affects a large number of bond systems, we now 
introduce the Toy Model. This model is much simpler 
than the previously discussed nanogel layer, especially 
since its behavior is not dependent on any other bond 
systems, and there are no geometrical considerations.  
 The Toy Model can be thought of as two long 
rigid edges periodically lined with nodes, such that 
each node can only form connections with the node 
opposite itself (Figure 4). These nodes are identical to 
the nodes in the nanogel layer. Since we are only 
concerned with the evolution of labile systems, this 
model is for P = 0. The elongation of the connections is 
controlled by increasing the separation between the two 
edges. Any restoring force felt by the edges as a result 
of the labile connections is taken to be negligible. Each 
of these systems is dependent only on the separation 
between the edges. By allowing the number of systems 
in this model to be arbitrarily high, we can gather 
statistics describing the average behavior of an 

individual system. The parameter L represents the 
distance between any two nodes connected by a  
system of labile bonds. The strain on the system, ε = (L 
- L0) /L0, is a measure of the distance that the model 
has being stretched. For example, ε = 0.5 indicates that 
the separation is equal to 150% of the equilibrium 
distance. In the Toy Model, the strain on any individual 
bond system is always equal to the strain of the entire 
model. Due to thermal fluctuations, the number of 
connected bonds rapidly changes, yet the average 
behavior for the system is very predictable. Figure 5a 
shows how an N = 8 system in which four bonds are 
connected is likely to change depending on the strain 
on the system. The number of bonds that will form or 
rupture before the next time step is given by the 
probability distribution. It is clear that as ε increases, 
the bonds have a higher tendency to rupture than to 
form. This distribution is highly dependent on the 
current number of connected bonds. For example, a 
connection with all eight bonds would have only the 
possibility of rupture for all values of ε. Figure 5b 
shows the average of number of bonds across 1000 
similar systems for various values of  ε. 

	  	  	  	  	  	  	  	  	  	  	   	  
Figure	   4.	   The	   Toy	   Model	   is	   introduced	   to	  
describe	   the	  average	  behavior	  of	  an	   individual	  
bond	  system.	  

	  
Figure	  3.	  Dependence of the critical stress σb/σb* for 
the sample as a function of (a) P and (b) N. The 
normalization parameter σb* is the critical stress for 
a sample with P = 1.  
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Conclusions 
 To summarize, we introduced the Hierarchical 
Bell Model to a new domain: a network of nanogels 
interconnected with parallel labile bond systems 
whose characteristic low energy barrier provides them 
with self-healing properties. We showed that the 
tensile strength of nanogel layers can be improved by 
this introduction of parallel labile bonds and that 
substantial strength increase can be realized even by 
allowing only a small percentage of labile connections. 
More specifically, we showed that a nanogel sample 
with N = 4 and P = .7 provides an increase in tensile 
strength of about 100%. By controlling nanogel 
synthesis such that the properties of our simulated 
lattice are replicated, materials can be produced that 
are much stronger and more responsive to damage. 
 Additionally, we demonstrated the behavior of 
our Hierarchical Bell Model using a simplified system 
of only labile connections. The behavior of this model 
makes physical sense and suggests that under an 
applied force, systems of labile bonds will have a 
higher tendency to rupture on average.  
 
Methodology 
 The simulation was modeled using a Lattice 
Spring Model8 in which the nanogels were held 
together by spring-like bonds. The nanogels are 

composed of seven nodes connected by bonds shown 
in Figure 1a. The spring constant of these internal gel 
bonds is chosen such that the gels will not be destroyed 
by external forces but also so that they retain the 
properties of soft, flexible particles. The bonds interact 
through a potential U(r) that includes Hookean 
attractive forces as well as short range repulsive forces. 
Variables κ  and a represent the spring constant and a 
parameter describing the close range repulsion, 
respectively. The radius r is the distance between the 
nodes.  

 
Once r exceeds a certain distance, the interaction 
radius, the bond is automatically taken to be ruptured 
and no longer feels the Hookean attractive force. The 
equilibrium distance of any connected bond is defined 
to be req = (a/2)

1/3
. The external bonds (between two 

separate gels) are modeled using the same interaction 
potential as the internal bonds. The spring constant, κ , 
is the same for both stable and labile bonds.  
 The dynamic behavior of the nanogel layer is 
such that the force is proportional to the velocity; 
inertia is neglected. This is typical in gel dynamics 
simulations1. The motion of the gel nodes is dictated 
by the expression dri/dt = µFi, where µ  is the 
mobility, and Fi is the force that acts on a particular 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	   	  Figure	  5.	  (a)	  Probability	  distribution	  for	  a	  single	  labile	  bond	  system	  of	  N=8.	  This	  snapshot	  is	  of	  a	  system	  that	  
currently	   has	  4	   connected	  bonds.	  The	   colors	   indicate	   three	  different	   possible	   strain	   conditions.	   Curves	   are	  
plotted	  to	  guide	  the	  eye,	  however	  the	  plot	  is	  only	  valid	  for	  discrete	  values.	  	  (b)	  The	  distribution	  of	  number	  of	  
connected	  bonds	   for	   a	   sample	  of	  1000	   systems,	   each	   similar	   to	   the	  one	   in	   (a),	   is	   shown.	  The	  percentage	  of	  
systems	  with	  each	  number	  of	  parallel	  bonds	  at	  any	  snapshot	   in	   time	   for	  a	  given	  strain	   level	   is	   shown	  to	  be	  
intuitively	  dependent	  on	  ε.	  

	  

	  

(a)	   (b)	  
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node. The force is defined to be equal to -∂U/∂ri + Fext. 
The elastic energy is expressed as follows:  

 
The prime signifies that the summation is made at a 
given bond configuration at a particular time, where 
m≠n. The parameter Fext represents the external tensile 
force that is applied to the edges of the nanogel layer. 
We numerically integrate the above equations of 
motion using a fourth order Runge-Kutta algorithm 
with a time step of Δt = 10-2T0, where T0 = 
req

2/(kboltzTµ) is the unit of time in the simulation, kboltz 
is the Boltzmann constant, and T is the temperature. 
The energy barrier that is associated with the labile 
bond is 100kboltzT and the energy barrier for the stable 
bonds is 140kboltzT9. 
 The nanogels were arranged in five rows of 
ten with a horizontal spacing of 3req between the 
centers of two adjacent gels. The vertical spacing 
between each row is equal to 1.3req. Every other row is 
displaced by a distance 1.5req to the right. Once the 
gels have all been placed, all possible connections 
shorter than the interaction radius are established. The 
connections are then randomly designated to be either 
labile or stable and are assigned according to the value 
of P. This means that even for a fixed value of P, each 
simulation has a different distribution of stable and 
labile bonds. For the first 100 time steps, the sample is 
equilibrated and all bonds are relaxed before any 
external force is applied. 
 At every time step, all pairs of nodes within 
the interaction distance have their bonds recalculated. 
The Bell Model5 is used in describing the dissociation 
and reformations of the bonds due to thermal 
fluctuations. The probability of a single bond 
dissociating is given by Wr where kr

0 is a parameter 
describing the bond’s reactivity. The parameters F and	  

 γ0, respectively, describe the force on the bond and 
the distance between equilibrium and the transition 
state. The time step, ∆t must be small relative to the 
reactivity parameters in order to avoid numerical 
instabilities. Similarly, Wf describes the probability of 
reformation6. Here, kf

0 is a reactivity describing the 
unstressed formation rate of a single bond and xb is the 

change in bond length from equilibrium. The values 
used for calculating dimensionless parameters kr

0 and 
kf

0 are respectively, 2.4 and 84 with units of inverse 
time10,11. These expressions alone are enough to 
describe the behavior of stable bonds, but it is 
insufficient for describing the parallel labile bonds. 
The behavior of a system of bonds in parallel is 
governed by the expression for Wd, the probability that 
d bonds out of a total b bonds will form or rupture 
(depending on which probability expressions is used, 
Wf or Wr). 
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