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Abstract

This paper describesa peak-tracking spectrum analyzer, called Parshl , which is useful for
extracting additiv e synthesis parametersfrom inharmonic soundssuch as the piano. Parshl is
basedon the Short-Time Fourier Transform (STFT), adding featuresfor tracking the amplitude,
frequency, and phasetra jectories of spectral lines from one FFT to the next. Parshl can be
thought of as an \inharmonic phase vocoder" which usestracking vocoder analysis channels
instead of a �xed harmonic �lter bank as usedin previous FFT-based vocoders.

� This is the original full version from which the Technical Report (CCRMA STAN-M-43) and conferencepaper
(ICMC-87) were prepared. Additionally , minor corrections are included, and a few pointers to more recent work have
been added.

yWork supported in part by Dynacord, Inc., 1985
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1 In tro duction and Overview

Short-Time Fourier Transform (STFT) techniques[1, 3, 2, 5, 17, 18, 19] arewidely usedin computer
music applications [6, 13] for analysis-basedadditiv e synthesis. With these techniques, the signal
is modeled as a sum of sine waves,and the parametersto be determined by analysisare the slowly
time-varying amplitude and frequency for each sine wave.

In the following subsections,we will review the short-time Fourier transform, the phasevocoder,
additiv e synthesis, and overlap-add synthesis. We then closethe intro duction with an outline of
the remainder of the paper.

The Short-Time Fourier Transform (STFT)

Computation of the STFT consistsof the following steps:
1. Read M samplesof the input signal x into a local bu�er,

xm (n) �= x(n � mR); n = � M h ; � M h + 1; : : : ; � 1; 0; 1; : : : ; M h � 1; M h

wherexm is called the mth frame of the input signal, and M �= 2M h + 1 is the frame length (which
we assumeis odd for reasonsto be discussedlater). The time advance R (in samples) from one
frame to the next is called the hop size.

2. Multiply the data frame pointwise by a length M spectrum analysis window w(n); n =
� M h ; : : : ; M h to obtain the mth windowed data frame:

~xm (n) �= xm (n)w(n); n = �
M � 1

2
; : : : ;

M � 1
2

3. Extend ~xm with zeroson both sidesto obtain a zero-padded windowed data frame:

~x0
m (n) �=

8
>><

>>:

~xm (n); jnj � M � 1
2

0; M � 1
2 < n � N

2 � 1

0; � N
2 � n < � M � 1

2

where N is the FFT size,chosento be a power of two larger than M . The number N=M is called
the zero-padding factor.

4. Take a length N FFT of ~xm to obtain the STFT at time m:

~x0
m (ej ! k ) =

N =2� 1X

n= � N =2

~x0
m (n)e� j ! k nT

where ! k = 2� kf s=N , and f s = 1=T is the sampling rate in Hz. The STFT bin number is k. Each
bin ~x0

m (ej ! k ) of the STFT can be regarded as a sample of the complex signal at the output of a
lowpass�lter whoseinput is ~x0

m (n)e� j ! k mT ; this signal is ~x0
m (n) frequency-shiftedsothat frequency

! k is moved to 0 Hz. In this interpretation, the hop sizeR is the downsamplingfactor applied to
each bandpassoutput, and the analysis window w( � ) is the impulse response of the anti-aliasing
�lter usedwith the downsampling.

The zero-padding factor is the interpolation factor for the spectrum, i.e., each FFT bin is
replacedby N=M bins, interpolating the spectrum.
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The Phase Vocoder

The stepsnormally taken by a \phase vocoder" to measureinstantaneousamplitude and frequency
for each bin of the current STFT frame are as follows (extending the four steps of the previous
section):

5. Convert each FFT bin ~x0
m (ej ! k ) from rectangular to polar form to get the magnitude and

phasein each FFT bin, and di�eren tiate the unwrapped phaseto obtain instantaneous frequency:

Ak (m) �=
�
� ~x0

m (ej ! k )
�
� (1)

� k (m) �= \ ~x0
m (ej ! k ) (radians) (2)

Fk (m) �=
� k (m) � � k (m � 1)

2� RT
(Hz) (3)

Additiv e Syn thesis

To obtain oscillator-control envelopes for additiv e synthesis, the amplitude, frequency, and phase
tra jectories are estimated once per FFT hop by the STFT. It is customary in computer music
to linearly interpolate the amplitude and frequency tra jectories from one hop to the next. Call
these signals Âk (n) and F̂k (n), de�ned now for all n at the normal signal sampling rate. The
phaseis usually discardedat this stageand rede�ned as the integral of the instantaneousfrequency

when needed: �̂ k (n) �= �̂ k (n � 1) + 2� TF̂k (n). When phasemust be matched in a given frame,
the frequency can instead move quadratically acrossthe frame to provide cubic polynomial phase
interpolation [12], or a secondlinear breakpoint can be intro duced somewherein the frame for the
frequency tra jectory.

6. Apply any desiredmodi�cation to the analysisdata, such astime scaling,pitch transposition,
formant modi�cation, etc.

7. Use the (possibly modi�ed) amplitude and frequency tra jectories to control a summing
oscillator bank:

x̂(n) �=
1
N

N =2� 1X

k= � N =2+1

Âk (n)ej �̂ k (n) (4)

=
2
N

N =2� 1X

k=0

Âk (n) cos(�̂ k (n)) (5)

Ov erlap-Add Syn thesis

A lesscomputationally expensive alternativ e to sinusoidal summation is called overlap-addrecon-
struction [1, 3] which consistsof the following steps:

6. Apply any desired modi�cation to the spectra, such as multiplying by a �lter frequency
responsefunction, to obtain the modi�ed frame spectrum X̂ 0

m . Additionally , desiredspectral com-
ponents can be added to the FFT bu�er [4, 21].

4



7. InverseFFT X̂ 0
m to obtain the windowed output frame:

x̂0
m (n) =

1
N

N =2� 1X

k= � N =2

X̂ 0
m (ej ! k )ej ! k n

8. Reconstruct the �nal output by overlapping and adding the windowed output frames:

x̂(n) =
X

m

x̂0
m (n � mR)

Analysis and resynthesis by overlap-add (in the absenceof spectral modi�cations) is an identity
operation if the overlapped and added analysis windows sum to unit y, i.e., if

Aw(n) �=
1X

m= �1

w(n � mR) = 1 (6)

for every n. If the overlap-added window function Aw(n) is not constant, it is then an amplitude
modulation envelope with period R. That is, when the analysis window does not displace and
add to a constant, the output is amplitude modulated by a periodic signal having its fundamental
frequencyat the frame rate f s=R. Frame rate distortion of this kind may be seenasAM sidebands
with spacing f s=R in a spectrogram of the output signal. Not too surprisingly, condition Eq. (6)
can be shown (by meansof the \digital Poissonsummation formula" [16]) to be equivalent to the
condition that W(ej ! k ) be 0 at all harmonics of the frame rate f s=R.

Parshl

Parshl performs data-reduction on the STFT appropriate for inharmonic, quasi-sinusoidal-sum
signals. The goal is to track only the most prominent peaks in the spectrum of the input signal,
sampling the amplitude approximately once per period of the lowest frequency in the analysis
band. Parshl will do either additiv e synthesisor overlap-add synthesis, or both, depending on the
application.

An outline of Parshl appears in x2, and Sections3 to 8 discussparameter-selectionand algo-
rithmic issues.Section 9 discussesanalysis and resynthesis without phaseinformation. Section 10
centers on the preprocessingof the input signal for better analysis/synthesis results. In x11 some
applications are mentioned.

2 Outline of the Program

Parshl follows the amplitude, frequency, and phase1 of the most prominent peaks over time in
a seriesof spectra, computed using the Fast Fourier Transform (FFT). The synthesis part of the
program usesthe analysisparameters,or their modi�cation, to generatea sinewave for every peak
track found.

The stepscarried out by Parshl are as follows:

1The version written in 1985 did not support phase. Phase support was added much later by the secondauthor
in the context of his Ph.D. research, basedon the work of McAula y and Quatieri [12].
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1. Compute the STFT ~x0
m (ej ! k ) using the frame size, window type, FFT size, and hop size

speci�ed by the user.
2. Compute the squaredmagnitude spectrum in dB (20log10

�
� ~x0

m (ej ! k )
�
�).

3. Find the bin numbers (frequency samples)of the spectral peaks. Parabolic interpolation is
used to re�ne the peak location estimates. Three spectral samples(in dB) consisting of the local
peak in the FFT and the sampleson either side of it su�ce to determine the parabola used.

4. The magnitude and phase of each peak is calculated from the maximum of the parabola
determined in the previous step. The parabola is evaluated separately on the real and imaginary
parts of the spectrum to provide a complex interpolated spectrum value.

5. Each peak is assignedto a frequencytrack by matching the peaksof the previous frame with
the current one. These tracks can be \started up," \turned-o� " or \turned-on" at any frame by
ramping in amplitude from or toward 0.

6. Arbitrary modi�cations can be applied to the analysis parametersbefore resynthesis.
7. If additiv e synthesis is requested,a sinewave is generatedfor each frequency track, and all

are summed into an output bu�er. The instantaneous amplitude, frequency, and phase for each
sinewave are calculated by interpolating the valuesfrom frame to frame. The length of the output
bu�er is equal to the hop sizeR which is typically somefraction of the window length M .

8. Repeat from step 1, advancing R sampleseach iteration until the end of the input sound is
reached.

3 Analysis Windo w (Step 1)

The choiceof the analysiswindow is important. It determinesthe trade-o� of time versusfrequency
resolution which a�ects the smoothnessof the spectrum and the detectabilit y of the frequencypeaks.
The most commonly usedwindows are called Rectangular, Triangular, Hamming, Hanning, Kaiser,
and Chebyshev. Harris [7, 14] givesa good discussionof thesewindows and many others.

To understand the e�ect of the window lets look at what happensto a sinusoid when we Fourier
transform it. A complex sinusoid of the form

x(n) = Aej ! x nT

when windowed, transforms to

X w(! ) =
1X

n= �1

x(n)w(n)e� j ! nT (7)

= A
(M � 1)=2X

n= � (M � 1)=2

w(n)e� j (! � ! x )nT (8)

= AW (! � ! x ) (9)

Thus, the transform of a windowed sinusoid, isolated or part of a complex tone, is the transform
of the window scaledby the amplitude of the sinusoid and centered at the sinusoid's frequency.

All the standard windows are real and symmetric and have spectra of a sinc-like shape (as
in Fig. 1). Considering the applications of the program, our choice will be mainly determined
by two of the spectrum's characteristics: the width of the main lobe, de�ned as the number of
bins (DFT-sample points) between the two zero crossings,and the highest side-lobe level, which
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Figure 1: Log magnitude of the transform of a triangle window.

measureshow many dB down is the highest side-lobe from the main lobe. Ideally we would like
a narrow main lobe (good resolution) and a very low side-lobe level (no cross-talk between FFT
channels). The choice of window determines this trade-o�. For example, the rectangular window
has the narrowest main lobe, 2 bins, but the �rst side-lobe is very high, � 13dB relative to the
main-lobe peak. The Hamming window has a wider main lobe, 4 bins, and the highest side-lobe
is 42dB down. The Blackman window worst-caseside-lobe rejection is 58 dB down which is good
for audio applications. A very di�eren t window, the Kaiser, allows control of the trade-o� between
the main-lobe width and the highest side-lobe level. If we want lessmain-lobe width we will get
higher side-lobe level and vice versa. Sincecontrol of this trade-o� is valuable, the Kaiser window
is a good general-purposechoice.

Let's look at this problem in a more practical situation. To \resolve" two sinusoids separated
in frequency by � Hz, we need (in noisy conditions) two clearly discernible main lobes; i.e., they
should look something like in Fig. 2. To obtain the separation shown (main lobes meet near a
0-crossing),we require a main-lobe bandwidth B f in Hz such that

B f � � :

In more detail, we have

B f = K
f s

M
(10)

� = f 2 � f 1 (11)

where K is the main-lobe bandwidth (in bins), f s the sampling rate, M is the window length, and
f 1; f 2 are the frequenciesof the sinusoids. Thus, we need

M � K
f s

�
= K

f s

f 2 � f 1
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Figure 2: Spectrum of two clearly separatedsinusoids.

If f k and f k+1 are successive harmonicsof a fundamental frequencyf 1, then f 1 = f k+1 � f k = �.
Thus, harmonic resolution requires B f � f 1 and thus M � K f s=f 1. Note that f s=f 1 = T1=T = P,
the period in samples.Hence,

M � K P

Thus, with a Hamming window, with main-lobe bandwidth K = 4 bins, we want at least four
periods of a harmonic signal under the window. More generally, for two sinusoidsat any frequencies
f 1 and f 2, we want four periods of the di�erence frequency jf 2 � f 1j under the window.

While the main lobe should be narrow enough to resolve adjacent peaks, it should not be
narrower than necessaryin order to maximize time resolution in the STFT.

Since for most windows the main lobe is much wider than any side lobe, we can use this fact
to avoid spurious peaksdue to side-lobesoscillation. Any peak that is substantially narrower than
the main-lobe width of the analysis window will be rejected as a local maximum due to side-lobe
oscillations.

A �nal point we want to make about windows is the choice betweenodd and even length. An
odd length window can be centered around the middle sample,while an even length one doesnot
have a mid-point sample. If oneend-point is deleted,an odd-length window can be overlapped and
added so as to satisfy Eq. (6). For purposesof phasedetection, we prefer a zero-phasewindow
spectrum, and this is obtained most naturally by using a symmetric window with a sampleat the
time origin. We therefore useodd length windows exclusively in Parshl .

Choice of Hop Size

Another questionrelated to the analysiswindow is the hop sizeR, i.e., how much wecanadvancethe
analysis time origin from frame to frame. This dependsvery much on the purposesof the analysis.
In general,more overlap will give more analysispoints and therefore smoother results acrosstime,
but the computational expenseis proportionately greater. For purposesof spectrogram display or
additiv e synthesisparameter extraction, criterion Eq. (6) is a good generalpurposechoice. It states
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that the succesive frames should overlap in time in such a way that all data are weighted equally.
However, it can be overly conservative for steady-state signals. For additiv e synthesis purposes,it
is more e�cien t and still e�ectiv e to increasethe hop size to the number of samplesover which
the spectrum is not changing appreciably. In the caseof the steady-state portion of piano tones,
the hop size appears to be limited by the fastest amplitude envelope \b eat" frequency causedby
mistuning strings on one key or by overlapping partials from di�eren t keys.

For certain window types (sum-of-cosinewindows), there exist perfect overlap factors in the
senseof Eq. (6). For example, a Rectangular window can hop by M =k, where k is any positive
integer, and a Hanning or Hamming window can use any hop size of the form (M =2)=k. For the
Kaiser window, on the other hand, there is no perfect hop sizeother than R = 1.

The perfect overlap-add criterion for windows and their hop sizesis not the best perspective
to take when overlap-add synthesis is being constructed from the modi�ed spectra ~x0

m (ej ! k ) [1].
As mentioned earlier, the hop size R is the downsampling factor applied to each FFT �lter-bank
output, and the window is the envelope of each �lter's impulse response. The downsampling
by R causesaliasing, and the frame rate f s=R is equal to twice the \folding frequency" of this
aliasing. Consequently , to minimize aliasing, the choice of hop size R should be such that the
folding frequencyexceedsthe \cut-o� freqency" of the window. The cut-o� frequencyof a window
can be de�ned as the frequencyabove which the window transform magnitude is lessthan or equal
to the worst-casesidelobe level. For convenience,we typically use the frequency of the �rst zero-
crossingbeyond the main lobe as the de�nition of cut-o� frequency. Following this rule yields 50%
overlap for the rectangular window, 75% overlap for Hamming and Hanning windows, and 83%
(5/6) overlap for Blackman windows. The hop size useablewith a Kaiser window is determined
by its design parameters (principally , the desired time-bandwidth product of the window, or, the
\b eta" parameter) [8].

Onemay wonderwhat happensto the aliasing in the perfect-reconstructioncasein which Eq. (6)
is satis�ed. The answer is that aliasing does occur in the individual �lter-bank outputs, but this
aliasing is canceledin the reconstruction by overlap-add if there wereno modi�cations to the STFT.
For a generaldiscussionof aliasing cancellation in downsampled�lter banks, see[23, 24].

4 Filling the FFT Input Bu�er (Step 2)

The FFT sizeN is normally chosento be the �rst power of two that is at least twice the window
length M , with the di�erence N � M �lled with zeros(\zero-padded"). The reasonfor increasing
the FFT size and �lling in with zeros is that zero-padding in the time domain corresponds to
interpolation in the frequency domain, and interpolating the spectrum is useful in various ways.
First, the problem of �nding spectral peaks which are not exact bin frequenciesis made easier
when the spectrum is more denselysampled. Second,plots of the magnitude of the more smoothly
sampled spectrum are less likely to confuse the untrained eye. (Only signals truly periodic in
M samplesshould not be zero-padded. They should also be windowed only by the Rectangular
window.) Third, for overlap-add synthesis from spectral modi�cations, the zero-padding allows
for multiplicativ e modi�cation in the frequency domain (convolutional modi�cation in the time
domain) without time aliasing in the inverseFFT. The length of the allowed convolution in the
time domain (the impulse responseof the e�ectiv e digital �lter) equalsthe number of extra zeros
(plus one) in the zero padding.

If K is the number of samplesin the main lobe when the zero-padding factor is 1 (N = M ),
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then a zero-paddingfactor of N=M givesK N=M samplesfor the samemain lobe (and samemain-
lobe bandwidth). The zero-padding(interpolation) factor N=M should be large enoughto enable
accurate estimation of the true maximum of the main lobe after it has been frequency shifted
by somearbitrary amount equal to the frequency of a sinusoidal component in the input signal.
We have determined by computational search that, for a rectangularly windowed sinusoid (of any
frequency), quadratic frequencyinterpolation (using the three highest bins) yields at least 0:1% (of
the distance from the sinc peak to the �rst zero-crossing)accuracyif the zero-paddingfactor N=M
is 5 or higher.

As mentioned in the previoussection,wefacilitate phasedetection by usinga zero-phasewindow,
i.e., the windowed data (using an odd length window) is centered about the time origin. A zero-
centered, length M data frame appearsin the length N FFT input bu�er asshown in Fig. 3c. The
�rst (M � 1)=2 samplesof the windowed data, the \negativ e-time" portion, will be stored at the
end of the bu�er, from sample N � (M � 1)=2 to N � 1, and the remaining (M + 1)=2 samples,
the zero- and \p ositive-time" portion, will be stored starting at the beginning of the bu�er, from
sample0 to (M � 1)=2. Thus, all zero padding occurs in the middle of the FFT input bu�er.

5 Peak Detection (Steps 3 and 4)

Due to the sampled nature of spectra obtained using the STFT, each peak (location and height)
found by �nding the maximum-magnitude frequency bin is only accurate to within half a bin. A
bin represents a frequency interval of f s=N Hz, where N is the FFT size. Zero-padding increases
the number of FFT bins per Hz and thus increasesthe accuracy of the simple peak detection.
However, to obtain frequency accuracy on the level of 0:1% of the distance from a sinc maximum
to its �rst zero crossing(in the caseof a rectangular window), the zero-padding factor required is
1000. (Note that with no zero padding, the STFT analysis parameters are typically arranged so
that the distance from the sinc peak to its �rst zero-crossingis equal to the fundamental frequency
of a harmonic sound. Under theseconditions, 0:1% of this interval is equal to the relative accuracy
in the fundamental frequency measurement. Thus, this is a realistic speci�cation in view of pitch
discrimination accuracy.) Since we would nominally take two periods into the data frame (for a
Rectangular window), a 100 Hz sinusoid at a sampling rate of 50 KHz would have a period of
50; 000=100= 500samples,so that the FFT sizewould have to exceedonemillion. A more e�cien t
spectral interpolation schemeis to zero-padonly enoughsothat quadratic (or other simple) spectral
interpolation, using only bins immediately surrounding the maximum-magnitude bin, su�ces to
re�ne the estimate to 0:1% accuracy. Parshl usesa parabolic interpolator which �ts a parabola
through the highest three samplesof a peak to estimate the true peak location and height (cf.
Fig. 4).

We have seenthat each sinusoid appears as a shifted window transform which is a sinc-like
function. A robust method for estimating peak frequencywith very high accuracywould be to �t a
window transform to the sampledspectral peaksby cross-correlatingthe whole window transform
with the entire spectrum and taking and interpolated peak location in the cross-correlationfunction
as the frequency estimate. This method o�ers much greater immunit y to noise and interference
from other signal components.

To describe the parabolic interpolation strategy, let's de�ne a coordinate system centered at
(k� ; 0), wherek� is the bin number of the spectral magnitude maximum, i.e., ~x0

m (ej ! k � ) � ~x0
m (ej ! k )
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Figure 3: Illustration of the �rst two steps of Parshl . (a) Input data. (b) Windowed input
data. (c) FFT bu�er with the windowed input data. (d) Resulting magnitude spectrum.
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Figure 4: Parabolic interpolation of the highest three samplesof a peak.

Figure 5: Coordinate system for the parabolic interpolation.
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for all k 6= k� . An example is shown in Figure 4. We desirea generalparabola of the form

y(x) �= a(x � p)2 + b

such that y(� 1) = � , y(0) = � , and y(1) = 
 , where � , � , and 
 are the valuesof the three highest
samples:

� �= 20log10

�
�
� ~x0

m (ej ! k � � 1 )
�
�
� (12)

� �= 20log10

�
�
� ~x0

m (ej ! k � )
�
�
� (13)


 �= 20log10

�
�
� ~x0

m (ej ! k � +1 )
�
�
� (14)

We have found empirically that the frequenciestend to be about twice as accurate when dB
magnitude is used rather than just linear magnitude. An interesting open question is what is the
optimum nonlinear compressionof the magnitude spectrum when quadratically interpolating it to
estimate peak locations.

Solving for the parabola peak location p, we get

p =
1
2

� � 

� � 2� + 


and the estimate of the true peak location (in bins) will be

k� �= k� + p

and the peak frequency in Hz is f sk� =N . Using p, the peak height estimate is then

y(p) = � �
1
4

(� � 
 )p

The magnitude spectrum is used to �nd p, but y(p) can be computed separately for the real and
imaginary parts of the complex spectrum to yield a complex-valued peak estimate (magnitude and
phase).

Once an interpolated peak location has beenfound, the entire local maximum in the spectrum
is removed. This allows the samealgorithm to be usedfor the next peak. This peak detection and
deletion processis continued until the maximum number of peaksspeci�ed by the user is found.

6 Peak Matc hing (Step 5)

The peak detection processreturns the prominent peaksin a given frame sorted by frequency. The
next step is to assignsomesubset of these peaks to oscillator tra jectories, which is done by the
peak matching algorithm. If the number of spectral peaks were constant with slowly changing
amplitudes and frequenciesalong the sound, this task would be straightforward. However, it is not
always immediately obvious how to connect the spectral peaksof one frame with thoseof the next.

To describe the peak matching process,let's assumethat the frequency tracks were initialized
at frame 1 and we are currently at frame m. Supposethat at frame m � 1 the frequencyvaluesfor
the p tracks are f 1; f 2; : : : ; f p, and that we want to match them to the r peaks, with frequencies
g1; g2; : : : ; gr , of frame m.
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Each track looks for its peak in frame m by �nding the one which is closest in frequency to
its current value. The i th track claims frequency gj for which jf i � gj j is minimum. The change
in frequency must be lessthan a speci�ed maximum �( f i ), which can be a frequency-dependent
limit (e.g., linear, corresponding to a relative frequency change limit). The possiblesituations are
as follows:

(1) If a match is found inside the maximum change limit, the track is continued (unless there
is a con
ict to resolve, as described below).
(2) If no match is made, it is assumedthat the track with frequencyf i must \turn o� " entering

frame m, and f i is matched to itself with zeromagnitude. Sinceoscillator amplitudes are linearly
ramped from onethe frame to the next, the terminating track will ramp to zeroover the duration
of one frame hop. This track will still exist (at zero amplitude), and if it ever �nds a frame with
a spectral peak within its capture range �( f i ), it will \turned back on," ramping its amplitude
up to the newly detected value. It is sometimesnecessaryto intro duce somehysteresisinto the
turning on and o� processin order to prevent \burbling" of the tracks whosepeakssometimes
make the cut and sometimesdon't. Normally this problem can be avoided by searching for many
more spectral peaksthan there are oscillators to allocate.
(3) If a track �nds a match which has already beenclaimed by another track, we give the peak

to the track which is closest in frequency. and the \losing" looks for another match. If the
current track losesthe con
ict, it simply picks the best available non-con
icting peak. If the
current track wins the con
ict, it calls the assignment procedure recursively on behalf of the
dislodged track. When the dislodged track �nds the samepeak and wants to claim it, it will
seethere is a con
ict which it losesand will move on. This processis repeated for each track,
solving con
icts recursively, until all existing tracks are matched or \turned-o� ".
After each track has extended itself forward in time or turned o�, the peaksof frame m which

have not beenusedare consideredto be new tra jectories and a new track is \started-up" for each
one of them up to the maximum number of oscillators speci�ed (which again should be lessthan
the number of spectral peaksdetected). The new oscillator tracks are started at frame n � 1 with
zero magnitude and ramp to the correct amplitude at the current frame m.

Once the program has �nished, the peak tra jectories for a sound look as in Fig. 6.

7 Parameter Mo di�cations (Step 6)

The possibilities that STFT techniques o�er for modifying the analysis results before resynthesis
havean enormousnumber of musicalapplications. Quatieri and McAulay [20] givea good discussion
of someuseful modi�cations for speech applications. By scaling and/or resampling the amplitude
and the frequency tra jectories, a host of sound transformations can be accomplished.

Time-scale modi�cations can be accomplishedby resampling the amplitude, frequency, and
phasetra jectories. This can be donesimply by changing the hop sizeR in the resynthesis(although
for best results the hop sizeshouldchangeadaptively, avoiding time-scalemodi�cations during voice
consonants or attacks, for example). This has the e�ect of slowing down or speedingup the sound
while maintaining pitch and formant structure. Obviously this can also be done for a time-varying
modi�cation by having a time-varying hop sizeR. However, due to the sinusoidal representation,
when a considerabletime stretch is done in a \noisy" part of a sound, the individual sinewaves
start to be heard and the noise-like quality is lost.

Frequency transformations, with or without time scaling, are also possible. A simple one is
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Figure 6: Peak tra jectories for a piano tone.

to scale the frequenciesto alter pitch and formant structure together. A more powerful classof
spectral modi�cations comesabout by decoupling the sinusoidal frequencies(which convey pitch
and inharmonicit y information) from the spectral envelope (which conveys formant structure so
important to speech perception and timbre). By measuring the formant envelope of a harmonic
spectrum (e.g., by drawing straight lines or splines acrossthe tops of the sinusoidal peaks in the
spectrum and then smoothing), modi�cations can be intro duced which only alter the pitch or only
alter the formants. Other ways to measureformant envelopes include cepstral smoothing [15] and
the �tting of low-order LPC models to the inverseFFT of the squaredmagnitude of the spectrum
[9]. By modulating the 
attened (by dividing out the formant envelope) spectrum of one sound
by the formant-envelope of a secondsound, \cross-synthesis" is obtained. Much more complex
modi�cations are possible.

Not all spectral modi�cations are \legal," however. As mentioned earlier, multiplicativ e mod-
i�cations (simple �ltering, equalization, etc.) are straightforward; we simply zero-pad su�cien tly
to accomodate spreading in time due to convolution. It is also possibleto approximate nonlinear
functions of the spectrum in terms of polynomial expansions(which are purely multiplicativ e).
When using data derived �lters, such as measuredformant envelopes, it is a good idea to smooth
the spectral envelopes su�cien tly that their inverseFFT is shorter in duration than the amount
of zero-padding provided. One way to monitor time-aliasing distortion is to measurethe signal
energyat the midpoint of the inverse-FFT output bu�er, relative to the total energy in the bu�er,
just before adding it to the �nal outgoing overlap-add reconstruction; little relative energy in the
\maxim um-positive" and \minim um negative" time regionsindicates little time aliasing. The gen-
eral problem to avoid here is drastic spectral modi�cations which correspond to long �lters in
the time domain for which insu�cien t zero-padding has been provided. An inverse FFT of the
spectral modi�cation function will show its time duration and indicate zero-paddingrequirements.
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The generalrule (worth remembering in any audio �ltering context) is \b e gentle in the frequency
domain."

8 Synthesis (Step 7)

The analysis portion of Parshl returns a set of amplitudes Âm , frequencies!̂ m , and phases�̂ m ,
for each frame index m, with a \triad" (Âm

r ; !̂ m
r ; �̂ m

r ) for each track r . From this analysis data the
program has the option of generating a synthetic sound.

The synthesis is done one frame at a time. The frame at hop m, speci�es the synthesis bu�er

sm (n) =
RmX

r =1

Âm
r cos[n!̂ m

r + �̂ m
r ]

where Rm is the number of tracks present at frame m; m = 0; 1; 2; : : : ; S � 1; and S is the length
of the synthesis bu�er (without any time scaling S = R, the analysis hop size). To avoid \clic ks"
at the frame boundaries, the parameters (Âm

r ; !̂ m
r ; �̂ m

r ) are smoothly interpolated from frame to
frame.

The parameter interpolation acrosstime usedin Parshl is the sameas that usedby McAulay
and Quatieri [12]. Let (Â (m� 1)

r ; !̂ (m� 1)
r ; �̂ (m� 1)

r ) and (Âm
r ; !̂ m

r ; �̂ m
r ) denote the setsof parametersat

framesm � 1 and m for the r th frequencytrack. They are taken to represent the state of the signal
at time 0 (the left endpoint) of the frame.

The instantaneousamplitude Â(n) is easily obtained by linear interpolation,

Â(n) = Âm� 1 +
(Âm � Âm� 1)

S
n

where n = 0; 1; : : : ; S � 1 is the time sample into the mth frame.
Frequencyand phasevaluesare tied together (frequency is the phasederivative), and they both

control the instantaneous phase �̂ (n). Given that four variables are a�ecting the instantaneous
phase: !̂ (m� 1) ; �̂ (m� 1) ; !̂ m , and �̂ m , we needat least three degreesof freedomfor its control, while
linear interpolation only givesone. Therefore, we needat least a cubic polynomial as interpolation
function, of the form

�̂ (n) = � + 
 n + � n2 + � n3:

We will not go into the details of solving this equation sinceMcAulay and Quatieri [12] go through
every step. We will simply state the result:

�̂ (n) = �̂ (m� 1) + !̂ (m� 1)n + � n2 + � n3

where � and � can be calculated using the end conditions at the frame boundaries,

� =
3

S2 (�̂ m � �̂ m� 1 � !̂ m� 1S + 2� M ) �
1
S

(!̂ m � !̂ m� 1) (15)

� =
� 2
S3 (�̂ m � �̂ m� 1 � !̂ m� 1S + 2� M ) +

1
S2 (!̂ m � !̂ m� 1) (16)

This will give a set of interpolating functions depending on the value of M , among which we have
to select the \maximally smooth" one. This can be done by choosing M to be the integer closest
to x, where x is

x =
1

2�

�
(�̂ m� 1 � !̂ m� 1S � �̂ m ) + (!̂ m � !̂ m+1 )

S
2

�
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and �nally , the synthesis equation turns into

sm (n) =
RmX

r =1

Âm
r (n) cos[�̂ m

r (n)]

which smoothly goes from frame to frame and where each sinusoid accounts for both the rapid
phasechanges(frequency) and the slowly varying phasechanges.

Figure 7 shows the result of the analysis/synthesisprocessusing phaseinformation and applied
to a piano tone.

Figure 7: (a) Original piano tone, (b) synthesis with phase information, (c) synthesis without
phaseinformation.
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9 Magnitude-only Analysis/Syn thesis

A traditional result of sound perception is that the ear is sensitive principally to the short-time
spectral magnitude and not to the phase,provided phasecontinuit y is maintained. Our experience
has been that this may or may not be true depending on the application, and in x11 we will
discussit. Obviously if the phaseinformation is discarded, the analysis, the modi�cation, and the
resynthesis processesare simpli�ed enormously. Thus we will usethe magnitude-only option of the
program whenever the application allows it.

In the peak detection processwe calculate the magnitude and phaseof each peak by using the
complex spectrum. Once we decideto discard the phaseinformation there is no needfor complex
spectra and we simply can calculate the magnitude of the peakby doing the parabolic interpolation
directly on the log magnitude spectrum.

The synthesisalsobecomeseasier;there is no needfor a cubic function to interpolate the instan-
taneousphase. The phasewill be a function of the instantaneousfrequencyand the only condition
is phasecontinuit y at the frame boundaries. Therefore, the frequencycan be linearly interpolated
from frame to frame, like the amplitude. Without phasematching the synthesized waveform will
look very di�eren t from the original (Fig. 7), but the sound quality for many applications will be
perceptually the same.

10 Prepro cessing

The task of the program can be simpli�ed and the analysis/synthesis results improved if the sound
input is appropiately manipulated before running the program.

Most important is to equalize the input signal. This controls what it means to �nd spectral
peaksin order of decreasingmagnitude. Equalization can be accomplishedin many ways and here
we present somealternativ es.

(1) A good equalization strategy for audio applications is to weight the incoming spectrum by
the inverseof the equal-loudnesscontour for hearing at somenominal listening level (e.g. 60dB).
This makesspectral magnitude ordering closer to perceptual audibilit y ordering.
(2) For more analytical work, the spectrum can be equalized to provide all partials at nearly

the sameamplitude (e.g., the asymptotic roll-o� of all natural spectra can be eliminated). In
this case,the peak �nder is most likely to �nd and track all of the partials.
(3) A good equalization for noise-reduction applications is to \
atten" the noise 
o or. This

option is usefulwhen it is desiredto set a �xed (frequency-independent) track rejection threshold
just above the noise level.
(4) A fourth option is to perform adaptive equalization of types (2) or (3) above. That is,

equalizeeach spectrum independently , or compute the equalization as a function of a weighted
averageof the most recent power spectrum (FFT squaredmagnitude) estimates.
Apart from equalization, another preprocessingstrategy which has proven very useful is to

reversethe sound in time. The attack of most soundsis quite \noisy" and Parshl hasa hard time
�nding the relevant partials in such a complex spectrum. Once the sound is reversedthe program
will encounter the end of the sound �rst, and since in most instrumental sounds this is a very
stable part, the program will �nd a very clear de�nition of the partials. When the program gets to
the sound attack, it will already be tracking the main partials. SinceParshl has a �xed number
of oscillators which can be allocated to discovered tracks, and since each track which disappears
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removesits associated oscillator from the sceneforever,2 analyzing the sound tail to head tends to
allocate the oscillators to the most important frequency tracks �rst.

11 Applications

The simplest application of Parshl is asan analysistool sincewe can get a very good picture of the
evolution of the sound in time by looking at the amplitude, frequencyand phasetra jectories. The
tracking characteristics of the technique yield more accurateamplitudes and frequenciesthan if the
analysis were done with an equally spacedbank of �lters (the traditional STFT implementation).

In speech applications, the most common useof the STFT is for data-reduction. With a set of
amplitude, frequency and phasefunctions we can get a very accurate resynthesis of many sounds
with much less information than for the original sampled sounds. From our work it is still not
clear how important is the phaseinformation in the caseof resynthesis without modi�cations, but
McAulay and Quatieri [12] have shown the importance of phasein the caseof speech resynthesis.

One of the most interesting musical applications of the STFT techniques are given by their
abilit y to separatetemporal from spectral information, and, within each spectrum, pitch and har-
monicity from formant information. In x7, Parameter Modi�cations, we discussedsomeof them,
such astime scalingand pitch transposition. But this group of applications hasa lot of possibilities
that still needto be carefully explored. From the few experiments we have done to date, the tools
presented give good results in situations where less
exible implementations do not, namely, when
the input sound has inharmonic spectra and/or rapid frequencychanges.

The main characteristic that di�eren tiates this model from the traditional onesis the selectivity
of spectral information and the phase tracking. This opens up new applications that are worth
our attention. One of them is the use of additiv e synthesis in conjunction with other synthesis
techniques. Sincethe program allows tracking of speci�c spectral components of a sound, we have
the 
exibilit y of synthesizing only part of a soundwith additiv e, synthesis, leaving the rest for some
other technique. For example,Serra[22] hasusedthis program in conjunction with LPC techniques
to model bar percussioninstruments, and Marks and Polito [11] have modeledpiano tonesby using
it in conjunction with FM synthesis. David Ja�e has had good successwith birdsong, and Rachel
Boughton usedParshl to create abstractions of oceansounds.

One of the problems encountered when using several techniques to synthesize the samesound
is the di�cult y of creating the perceptual fusion of the two synthesis components. By using phase
information we have the possibility of matching the phasesof the additiv e synthesispart to the rest
of the sound (independently of what technique was used to generateit). This provides improved
signal \splicing" capability, allowing very fast cross-fades(e.g., over one frame period).

Parshl was originally written to properly analyze the steady state of piano sounds;it did not
addressmodeling the attack of the piano soundfor purposesof resynthesis. The phasetracking was
primarily motivated by the idea of splicing the real attack (sampled waveform) to its synthesized
steady state. It is well known that additiv e synthesis techniqueshave a very hard time synthesizing
attacks, both due to their fast transition and their \noisy" characteristics. The problem is made
more di�cult by the fact that we are very sensitive to the quality of a sound'sattack. For plucked
or struck strings, if we are able to splice two or three periods, or a few milliseconds,of the original

2We tried reusing turned-o� oscillators but found them to be more trouble than they were worth in our environ-
ment.
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sound into our synthesized version the quality can improve considerably, retaining a large data-
reduction factor and the possibility of manipulating the synthesis part. When this is attempted
without the phase information, the splice, even if we do a smooth cross-fadeover a number of
samples,can be very noticeable. By simply adding the phasedata the task becomescomparatively
easy, and the splice is much closer to inaudible.

12 Conclusions

In this paper an analysis/synthesis technique basedon a sinusoidal representation was presented
that has proven to be very appropriate for signalswhich are well characterized as a sum of inhar-
monic sinusoids with slowly varying amplitudes and frequencies. The previously used harmonic
vocoder techniques have been relatively unwieldy in the inharmonic case,and lessrobust even in
the harmonic case. Parshl obtains the sinusoidal representation of the input sound by tracking
the amplitude, frequency, and phaseof the most prominent peaksin a seriesof spectra computed
using the Fast Fourier Transform of successive, overlapping, windowed data frames, taken over
the duration of a sound. We have mentioned someof the musical applications of this sinusoidal
representation.

Continuing the work with this analysis/synthesis technique we are implementing Parshl on a
Lisp Machine with an attached FPS AP120B array processor.We plan to study further its sound
transformation possibilities and the use of Parshl in conjunction with other analysis/synthesis
techniques such as Linear Predictive Coding (LPC) [10].

The basic \FFT processor" at the heart of Parshl provides a ready point of departure for
many other STFT applications such as FIR �ltering, speech coding, noise reduction, adaptive
equalization, cross-synthesis, and many more. The basic parameter trade-o�s discussedin this
paper are universal acrossall of theseapplications.

Although Parshl was designedto analyze piano recordings, it has proven very successfulin
extracting additiv e synthesis parameters for radically inharmonic sounds. It provides interesting
e�ects when made to extract peak tra jectories in signals which are not describable as sums of
sinusoids (such as noiseor oceanrecordings). Parshl has even demonstrated that speech can be
intelligible after reducing it to only the three strongest sinusoidal components.

The surprising successof additiv e synthesis from spectral peaks suggestsa close connection
with audio perception. Perhaps timbre perception is basedon data reduction in the brain similar
to that carried out by Parshl . This data reduction goes beyond what is provided by critical-
band masking. Perhapsa higher-level theory of \tim bral masking" or \main feature dominance" is
appropriate, wherein the principal spectral featuresserve to de�ne the timbre, masking lower-level
(though unmasked) structure. The lower-level featureswould have to be restricted to qualitativ ely
similar behavior in order that they be \implied" by the louder features. Another point of view is
that the spectral peaksare analogousto the outlines of �gures in a picture|they capture enough
of the perceptual cues to trigger the proper percept; memory itself may then serve to �ll in the
implied spectral features (at least for a time).

Techniquessuch asParshl provide a powerful analysistool toward extracting signalparameters
matched to the characteristics of hearing. Such an approach is perhapsthe best singleway to obtain
cost-e�ective, analysis-basedsynthesis of any sound.
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