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Introduction and review

e We consider the multichannel autoregressive model:
Yn T Alyn—l T ... T Apyn—p — € (1>

where {y,} ,n=1... N are (m x 1) vector-valued
observations, and {A;} ., k=1...p are (m x m)
matrix-valued model parameters. Though most audio
applications involve only scalar observations, some
important extensions (e.g. time-variant models) can,
under suitable transformation, be addressed within
the multichannel framework. Everything proceeds as
in the scalar case, except we must be careful with the
order of matrix multplications.

Optimization criteria

e Let M* denote the Hermitian (conjugate) transpose
of a matrix M. We choose { A;} such that the
sum-of-squares error:

J{AR}) =) e (2)

is minimal, in the sense indicated by positive
semidefinite (PSD) matrices: If J is the cost due to
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an optimal set of model parameters and .J' is the cost
due to another set then J' — J is PSD; i.e. all
quadratic forms z(J' — J)x* are nonnegative.
Practical consequences of this “PSD-minimal”
criterion are:

1. We minimize the sum-of-squares of any linear
combination of error components: Let w be a
weight vector, and define the cost due to {A;}:

jlw) = ) |w'e, |
= Zw*ene;;w
= w" (Z enejfL) w

= w*Jw (3)

Similarly, let j'(w) = w*J'w be the cost due to
{A",}.
Since J' — J is PSD, it follows that
w*(J" — J)w > 0, and by (3) it follows:
j'(w) = j(w).

2. We minimize the sum of all weighted error norms,
provided the weight matrix is Hermitian and PSD.
Let W be that (m x m) weight matrix, and define



the cost due to {A;}:
JW) =) eWe,
= > W
= Tr {WVQ (Z 6ne;) W*/Q]

= Te(WY2Jw+/?) (4)

Similarly /(W) = Te(W2J'W*/?) is the cost
due to {A;}.

The existence of W1/2 such that W = W*/2)}/1/2
is justified by the Hermitian/PSD properties of 1.
If J' — Jis PSD, x*(J' — J)x > 0 for any vector
z. Given a vector y, choose x = W1/2y.
Substituting, we find

y (W2 JW*2 — W2 JW*/2)y > 0; because ¥
is arbitrary, (W'/2J'W*/2 — W12 JW*/?) is PSD.
So we have shown if J is PSD-minimal then so is

W2 Jw+/2,



Finally, a PSD matrix has a nonnegative trace.
This follows because the trace of a matrix is the
sum of its eigenvalues and all eigenvalues of a
PSD matrix are nonnegative. Using this fact and
(4) it follows that j'(W) — j(W) > 0 for all W,

as was to be shown.

e The first criterion (3) follows from the second (4) by
setting W = ww™, but it's easier to prove directly.

Least-squares solution and data windowing

e Observations come in a finite interval, say
n=1...N. So far we haven't considered the range
of the error-summation (2). Writing the model
equation (1) for every n = 1... N and collecting the
equations in a single matrix-vector equation gives:

AT = H (5)
where

Y Y1 .. YN-1
T _ y—l ?J:O y]\/;—Q

 Y1—p Y2—p -+ YN—p



A = [Al...Ap]
H = [yl'--yN]

e Assuming T’ has full row rank, there exists a unique
solution for the PSD-minimal least-squares criterion 2,
namely the standard one:

A = HT*(R)™', where
R = (TT" )

Let R 2 TT* for the remainder of these notes. The
proof is deferred to an Appendix. R is singular iff I’ is
rank deficient, in which case optimal A exist, but are
no longer unique. To simplify we assume R is
nonsingular.

e The problem is that y;_,, ...y are outside the
observation window. Usually, this problem is
addressed by one of three windowing methods:

1. Covariance method Delete columns of T' (and
corresponding elements of H) until no data is
accessed outside n = 1... N, to obtain:

Yo Yp+1 --- Z/N—1_
Te = | o
Y1 Y2 - YN—p

Ho = [Ypi1---yn| (7)
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2. Prewindowed method Set the inaccessible
data at the beginning of the observation window
Yi—p - - - Yo to zero. Since the first column of T is
identically zero, we delete it (and the
corresponding element in H) because it offers no
useful information.

_yl Y2 ---?JN—1_
0 y1 ... yn—o
Tp: A | :
_O 0 ---yN—p_
Hp = [y2...yn] (8)

3. Autocorrelation method Window the data
symmetrically at both ends, setting inaccessible

elements Y1i—p---Y0, YN+1---YNp to zero:

Yy Yy ... 0 0
0 y1 . :
1Ty = 0 . 0 :
S yny 0O
000 . yv uy
Ha = ly2...yn 0...0] (9)

e Remarks

1. The covariance method has the least bias and
should be used whenever conditions allow. Any
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windowing has the effect of smoothing spectral
peaks, causing pole estimates to be over damped.



2. The autocorrelation method involves the most
windowing, but the following properties hold:

— The estimated “modeling filter”; e.g.
yn)= I+ Az~ +... A,z7P) " te(n), where
271 is the delay operator, is guaranteed stable.
This holds even in the matrix case.

— Thanks to the symmetry of the windowing, the
matrix R4 = (T4T7) is Hermitian and has the
“Toeplitz” property that the (7, j) block of
dimension (m x m), 1<i<p, 1<j<p
depends only on 7 — 5. Hence R4 is a valid
autocorrelation matrix for v,, treated as a
stationary vector process (hence the name) The
structure of R4 leads to the simple
(Levinson-Durbin) recursion for updating model
parameter estimates recursively in the order
(p—p+1)

— In practice, pole frequency estimates are
unaffected by autocorrelation windowing. So if
you want to estimate groups of formant
frequencies as features for speech recognition,
but don't care about the bandwidths
(commonly assumed irrelevant), use
autocorrelation windowing.



3. The pre-windowed method simplifies the
development of adaptive lattice algorithms, which
update the least squares solution recursively in
time (N — N + 1) and in the order (p — p+ 1).
It is easiest to develop the covariance lattice
method as an extension of the pre-windowed
method.
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Likelihood interpretation

e The use of a deterministic least squares criterion has
an important statistical interpretation when the
observations are Gauss-Markov. A “Gauss-Markov”
process results from a finite-length all-pole filter
driven by white Gaussian noise, as in (1) where
Ay ... A, are "filter coefficients” and e, is the
“noise”. The “Markov" property refers to the finite
memory of the filter, and means that given the
pth-order past ¥,_,.n—1, Yn is independent of the
further past y1.,—p—1.

e Asymptotic efficiency of maximum
likelihood From the statistical interpretation, (1)
gives a parametric form for the observations’ joint
density. We wish to estimate the unknown
parameters, A; ... A,, which can be thought of as a
block vector, say 6. A good, or “efficient” estimate 0
is a function of observations with the following
properties:

— Unbiased: E() =0
— Minimum variance: E (é—@)(é—@)*] is
PSD-minimal
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By the Cramer-Rao inequality, the maximum
likelihood (ML) estimate:

é = arg max {9 : fe(ylzN)}

(fy gives the joint density) is asymptotically efficient
as N — o0.
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e Computing the ML estimate in the Gauss-Markov
case, we have:

N
fian ) = 1] fean Wnlyia)
n=1

Q

N
H f{Ak}<yn‘yn—p:n—1>

n;l
— H f{Ak}<€n‘yn—p:n—1>

n=1

= 11 franen) (10)

The second step is justified by the Markov property:
conditional independence allows us to drop
conditioning on the further past v1.,—,_1. The = is
due to the absence of data for n < p. These “edge
effects” wash out for large V. The third step comes
by the fact that conditional on y,,_,.,—1, €, and y,
differ by a constant; thus the Jacobian for the
change-of-variables y,, — ¢, is identity. Finally, the
last step results from independence of the ¢,, and the
fact y,, depends only on present and past ¢,,.
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e Now to maximize the likelihood, it is equivalent to
minimize the negative log likelihood,
—L({Ai}) = —log fra,y(y1.5). From (10) and the
form of the Gaussian likelihood:

N
— L{A}) = ) —log [(%\Rel)”2 exp (—eiiRe‘len/Q)}
n=1
1 | —
_ x p—1
= §1og(27r\Re|)+§nz:;enRe en (11)

The first term is constant w.r.t. {A;} and may be
dropped. The second term is equivalent to the
weighted-norm criterion (4) with W = R_ . Hence in
the Gauss-Markov case, the deterministic
least-squares criterion approaches the ML criterion for
large IV, giving an asymptotically efficient estimate of

the {Ak}
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Fixed order-recursive prediction

e Recall that the least-squares solution for A is
obtained from the matrix equation:

AR = HT” (12)
where R = T"T™.

e Using autocorrelation windowing, we verify R 4 (which
is Hermitian by construction) has also the block
Toeplitz property. Consider the (7, j) block entry of
dimension m-by-m, where 1 <1 <p, 1<j<p:

[RA](Z'J) — Zyn+1_iy;+1—j

With y1—p... 90 =0, yny1...Ynyp = 0, we restrict
the summation index to satisfy n > max(é,j) — 1 and
n < N +min(i, j). Defining n’ =n+1— j, the sum
IS rewritten:
min(7,j)—j+N
[RA] (i) — Z yn—(i—j)y;
max(7,7)—j+1
min(i—y7,0)+N
= Z Yn—(i—j)Yn
max(i—7,0)41
which depends only on 7 — j.
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e Thus, R, for the order p is parameterized by p block
entries:

B % *
Ry Rf ... R,

*

Rl Ry ... R,

RA,p —

'R,.1 R,y ... Ry

e Furthermore, it is easily verified:
A %
pp = Haplly, = Ri... Ry

e Therefore, we see there are two ways to partition
R4 p, such that R4 ,_1 appears as a submatrix in the
lower left or upper right corners. This motivates a
recursive algorithm. The “hard work” in 6 is that of
inverting 4 ,: if we know already the inverse of
R4 p—1, perhaps it is not so hard to get the inverse of

RA7p-

e \We choose the following partition. Defining “#" as
the operation which reverses the block elements of a
vector, we verify:

(13)

Block matrix decompositions
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e [ he main formula we need concerns the inverse of a
block matrix:

—1
A B — 77
ik

We take the scenic route, obtaining several other
results that will be useful later. In fact, mostly the
entire theory of recursive algorithms for autoregressive
modeling comes from these block matrix results. The
development follows that of Appendix A in [KSHOO]:
We omit many extensions.

e Consider the matrix-vector equation:
A B El |G
CD||F| |H
Interpreting as two equations, if we multiply the top

equation by —C'A~! and add to the bottom we
eliminate E, obtaining:

(D-CA'B)F=H

which is easily solved for F'. The quantity
(D — CA™'B) is called the Schur complement of A
and will be denoted S4). To solve for E, we take our

solution for F' and substitute in to the top equation,
which has been left alone: AFE + BF = G.
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e The elimination step is equivalent to multiplying (both
sides) on the left by a matrix L, and the substitution
step (using (D — CA™'B)F rather than F) is
equivalent to multiplying on the right by U where

I 0

L=l-car1
[ —A'B]

=10 1
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e According to the elimination and substitution steps,
these matrices block-diagonalize the original matrix:

I 0|lAB][I -A"'B|] [A0
—CA'T||CDJ|]|O I |0 Sy
e Note that to reverse the action of adding a multiple

of one equation to another, we subtract that multiple.
Hence, we may write:

AB| I 0||A O I A‘lB( 2
CD| |CA1tI 0S40 1
e Alternatively, we could have done the elimination step
by adding a multiple (—BD ™) of the bottom

equation to the top. This gives a second block
decomposition:

AB] [IBD']|[Sp O I O5>

CD| |0 I o D||DC}
where Sp = A — BD~'C' is the Schur complement
of D.

e From the block decompositions we get inversion
formulas:

AB]Y [I-4"'B][4 0 I 0

C D o I 0 S| |-CA LT
A1+u41lecA]-fAlBs

_S 1CA 1 A<1
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—D'C I

I 0”551 0 ”I —301]

0 D']|0 T
Sp! —S,'BD™!

—D'CS,' D'+ D7 'CS,'BD™!
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e Matrix inversion lemma An important result
comes by equating block elements of the two
inversion formulas, e.g:

(A-BD'O) '=A"'"+ A 'B(D-CA'B)'C@AS)

e The matrix inversion lemma arises naturally when
considering any time-update step. Time updates to
(TT*)~! involve adding a block column to T, e.g.
Tn — Tni1 = [Tn|tni1]. Hence
(Tns1 Ty ) = (TNTR + tnpathy, )" Here (18)
obtains an efficient way for inverting the sum
INTN + tN+1t}kv+1

Levinson-Durbin algorithm

e We pursue a block decomposition of R 4.
Subsitituting into the inversion formula (16)

A = RA,p—l
B=C" = Pp—1
D = R(0)
obtains:
- *# _1
R—l _ RA,p—l pp—l
A R(0)
i pp—l (

[ -1 1 s# -1 # p-1 N |
RA,p—l + RA,p—1P#p—1/\p—1Pp_1RA,p—1 _RA,p—lpp—l)\p—l
1 -1 —1

—Ap1Pp1 Ry Ap1
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® The Schur complement, denoted as A,_;, is nothing
but the PSD-minimal squared error for the model of
order p — 1:

A1 = R

O) -+ Al,p_1R< ) + ...t Ap_ljp_1R<p — 1)
— Z Yn yn + Al,p—lyn—l T ... Ap—l,p—lyn—(p—l)} '

Zyn np 1
Zenp 1€np 1 <19)

The last step follows by writing

Yn = Epnp—1 — Al,p—lyn—l e Ap—l,p—lyn—(p—l) and
using orthogonality of the error e, ,_1 and past
outputs ¥, 1. ..Yn—(p—1) under optimal choice of
model parameters, i.e.

> ke, 1 =0, k=1..p—1  (20)

See Appendix 77 for proof. Note that \,/N gives a
(biased) estimate of the prediction error covariance of
order p.
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e From the formula for R;llp, we find a recursion for A,:

1
Ap = IOPRA,p

-1 -1 wH -1 # -1 -1 *# oy —1
[ Dot ‘ R(p) ] |: RA,pﬂ ‘f’RA,pf1Pp—1)\p_1Pp_1RA7p,1 _RA,p—lplp—l)‘p—l :|

-1 # -1 _
_Ap—lpp—lR/Lp—l /\p—1

— [ Pp—lRZ,lp—l - (R(p) - Pp—lR;hP;#l) A;fllpfflRZ,lp—l ‘ (R(p) - pp—lRZ,lp—lp;iE1> )‘;31 ]

- {Ap—l - kpAf—l kp} (21

In the final step, we define k, = A, 1)\p ,» Where

Ap1 = R(p) — p,” 1R 1p;%_1, like A\)_1, is in the
form of a Schur complement.

e To interpret A,_; and k,, we parallel the
development for A\,_; (19):

Ap-1 = R(p) = ppa Ry a0y
= R(p) + A1, Rp—1)+...+A,1,1R(1)
= Z Yn [yn—p + Atp 1Yn—p-1) + ... F Ap—l,p—lyn—l)}
(2
The quantity

Yn—p + Al,p—lyn—(p—l) T Ap—l,p—lyn—l IS
interpreted as a backwards prediction error, and we
denote as fnp—l- Proceeding:

Zynf n,p—1
= Zen,p 1fn n.p—1 (23)



Again by orthogonality arguments, (see Appendix), we
replace y, by e, ,_1. Note that Delta,/N gives a
(biased) estimate of the cross-covariance between
forward and backward prediction errors of order p.

e The recursion for A, depends on the unknown
quantities A\,_; and A,_;. Because
Ap—1 = R(0) — Ap_1p; ;| and
A, = R(p) — Ap_lp;i, we see everything is
available for the computation. However, forming
Ap_1p,_ takes p — 1 m-by-m matrix multiplications.
To eliminate all but one of these multiplications, we
develop a recursion for \,:

Ay = R(0) — Appy,
= R(O) — Ap_l — kpAZjé_l kp] [ép&?l) ]
= (R(0) = Ap-1pp-1) — kp (R(0) — Ap—1pp-1)
= Ap-1— kpA;—l (24)

This gives the standard form of the Levinson-Durbin
algorithm.

e For the initialization, consider p = 0. Since no
prediction is done, the forward error is nothing but
the observation: e,y = vy, and the backward error is
nothing but the past observation: f, o = y,_1, given
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the way it was defined (23). It follows that Ay = R(0)
and Ay = R(1); consequently, k; = R(1)[R(0)] ",
which equals A; thanks to the original least squares
solution (12). The Levinson-Durbin algorithm may be
summarized:

Recursion:
Ap = A1 — kAL
A, = R(p) — Ap—lﬂ;i
kpin = DA
Api1 = [Ap_ p+114#/€p+1}
Initialization:

Ao = R(0)
Ay = R(1)
ki = Aoy

Alzkl
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