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Wave Scattering at an Impedance
Discontinuity

A change in wave impedarmaeises lossless signal
scattering

A traveling wave impinging oniarpedance
discontinuitywill partiallyre ect from and partially
transmitthrough the discontinuity

Pressuravill becontinuousverywhere
Velocity in = velocity oufunction has no state)

Signal powefenergy) is conserved
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Plane-Wave Scattering

Consider a plane-wave propagating from wave
iImpedanc®; into a new wave impedariRg

pp > P
R, S

pl‘_é

Physical constraints:

p; + P, = p; (pressure continuous across junction)
vi +v; = v; (velocity in = velocity out)
Ohm's Law relations:
pr = R
pi RiVi

Scattering Solution

Let
= p;+p, =P, (pressure atjunction)
Vi = vi +v; =v; (velocity at junction)
Then we can write
PL+p =P =R
) Rivi Riv; = Rav; = Ry
) Rivi Ri(vj Vi) = Ry
) 2RV Rpv; = Ry
We have solved for the junction velogity v;. The
transmitted pressure is theh= Rov; = Ryy;.

Sincev; = vj + v, , the re ected velocity is simply

2R1 + R1 I:22 +
Vi =V, Vi= ——— 1vi=_——""v
1 J 1 R1+ R2 1 R1+ R2 1

Thus, we have solved for the transmitted and re ected
velocity waves given the incident wave and the two
impedances.



Using the Ohm's law relations, the pressure waves follow:

2R>
+ + = +
P> = Rov; = Ryy R+ R2p1
B _R2 Ri .
pp = Ravy = R+ R2p1

De ne

_ R, Rj;_ Impedance Step

" Ri+ R, Impedance Sum

Then we get the following scattering relations in terms of
for pressure waves:

p; = 1+ )p;
PL = P
Signal Flow Graph:

N +
1~ P V
1+ 2 1

v
<

Py Vi

Signal power conserved (left-going power negated):
PiVi = PaVa +( prVy)
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Superposition of Bidirectional Scattering

Delay Delay
Rl RZ
Delay Delay
. R, R
Stepping fronR, to Ry negates =
pping 2 1 neg R,+ R,

Transmission is 1 + re ection in either direction

\Kelly-Lochbaum" scattering junction

Special Cases:

R,=1) =1 (e.g, rigid wall re ection)
R,=0 ) = 1 (e.g, open-ended tube)
R,=R; ) =0 (no re ection)



Plane Wave at an Angle

Ky Sy
Lty =k sin()
yb Tk
X—

wave crests of the sinusoidal traveling plane wave
p(t;x)=cos It k'x

Planar pressure-wave traveling in an arbitrary direction:

pt;x)=cos It k'x ; x2R?®

wherek = vector wavenumber

2 2 3 2 3
kx3 ky=k cos
k = 4 ky5 = k4 ky:k5 = k4 cos O = Ku;
K, k,=k cos

where

= (unit) vector ofdirection cosines
2

u
k = (scalar)wavenumbealong travel direction
Thus, the vector wavenumliker k u contains

wavenumber in its magnitude kk k
travel direction in its orientatiean= k=k

Note: wavenumber units aeglians per meter
(spatial radian frequency)



Plane Waves at an Impedance Discontinuity

. R R
T "
SO

X— x=0

By continuity, waves must agree on boundary plane:
kisr = kiir = kgir

wherer = (0;y; z) denotes any vector in the boundary
plane. Thus, at = 0 we have

Ky y + ki, 2= Ky y + ki, 2= Kg y + k3, 2
If the incident wave is constant alanghenk;, = 0,
requiringk,, = k3, = 0, leaving
kIyy = klyy = k;yy
or

kisin( ) = kysin( ;) = kasin(3)

Re ection and Refraction

Above we derived
kysin(7) = kysin( ;) = kzsin( 3)

The rst equality implies

+

1 1

(Angle of incidence equals angle of re ection)

Let ¢ denote the phase velocity in wave imped@nce
|
= — i=1;2

In impedanc®,, we have in particular
1 2= ckg = & (kz)?+ (k3)?

Solving fokj, gives
S s
12 1 2

Ko = g (k3)? = g K3 sirf( 3)

Sincek; sin( 1) = kpsin( 3) from above,
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We have derived Evanescent Field due to Total Internal Re ection

c
J

|
ky, = — 1
27 5,

Sire( 1)

Note that ifc; < c5j sin( 7 )j, the horizontal component
of the wavenumber in medium 2 becamasginary

KRS

We earlier establishkg, = ki, _ _ _ _
Acoustic eld in medium 2 \evanescent"
This describes threfractionof the plane wave as it

_ Wave in medium 1 undergoes
passes through the impedance-change boundary.

\ total internal re ectioh

Refraction angle depends on ratio of phase velocities No power travels from medium 1 to medium 2

C=G.
’ _ ' o _ _ Evanescent eld decays exponentially to the right
This ratio is often called tivedex of refraction _ _ _ _ _ _
G \Tunneling" possible given medium 3 in which wave
n= ¢ propagation resumes
and the relatiof, sin( ¥) = kpsin( 3) is called ReferenceVibrations and Waves in Physics by
Snell's Law(of refraction). l.G. Main, Cambridge University Press, 1978.

But what does it mean?

p(t; X)

cos It  k'x = re @t ke ky)
= re et kWe ik - (letk, = | )
= re ej(!t kyy)e kyx

= e “*coslt  kyy)
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An imaginary wavenumber corresponds to an Longitudinal String Waves
exponential decay

Sign of « is chosen to match boundary conditions at Considetongitudinalforce and velocity waves in a string:
plane (70 = RV (1)
Time dependence appliesaliopoints to the right of f.o(t) = Riv; (t)

the boundary (no \propagation") where

Force-variable = f* + f now denotes
longitudinal stress longitudinal compression

pressurgforce/area) | a force density
Wave impedance is n&y= P E
= mass density

E = Young's modulus
(stress/strain =
compressionPressure/relativeDisplacement)
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Two Impedance Steps

a)
fo(t- T) —F—> f;(t) f(t-T) —— ()
R0 Rl R2
fo (t+T) =—— f1 (1) f7(t+T) =—— f5(1)
L
b)

1+k () f(t-T) 1+k

fo(t-T) f27(0)

Ry

f2 (1)

1- kg f1(t) fLEFT)  1-k

Physical stress and velocity at far left of settion

fi = f|++f|
Vi = VT + v,

Letx; 2 [C; cT] denote axial position in section

filbx))=f"(t x=0+f, (t+ x;=0 is the stress

at positionx; and timet within section
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Two-Port Scattering Junctions

Force and velocity must bentinuousat every point
fi 1(t;cT) = fi(t; 0)
Vi 1(t;cT) = vi(t; 0)
Velocity is positivi® the right
Stress (compression pressure or force densitglas
Scattering relations:
fr@) =[L+klf ,t T) kf; (t)
fit+T) = kfi" ot T)+[1  kif; ()
where

_Ri Rii
' Ri+Ri i
is theith re ection coef cient(we'll derive this later as a
special case df-port scattering)

1+ki(t)

fif (t-T) fir (1)

fiia(t+T) fi (1)

1- ki(t)

The Kelly-Lochbaum scattering junction
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Kelly-Lochbaum Vocal Tract Model Subsequent work

Articulatory speech synthesis

&(n) @,4@7 y(n) Linear Predictive Coding (LPC) of speech

Recent Extensions
Glottal Pulse

Train or Noise

en) —

- Kelly-Lochbaum + nasal tract + neck radiation +

w damping for female singing voice (Perry Cook)

(Unused
Allpass ——

Sparse acoustic tubes (Lacroix)
Output)

Kelly-Lochbaum Vocal Tract Model (Piecewise Cylindrical) Piecewiseonicaltubes (Vallmakl and Karjalainen)

Vocal tract piecewise cylindrical acoustic tube Recent Music Applications (This Course)

Ladder lIter with physical interpretation , ,
_ _ o _ _ Stringed instruments
Possibly the earliest digital waveguide acoustic model

) . i Wind instruments
Wave impedance in section

R C Brass instruments
=

A Singing Voice
whereA; = cross-sectional area of tube . .
_ _ _ _ _ _ _ Membrane simulation (drums, gongs, ...)
Re ection coe cient atith cylinder-cylinder junction: _
R R ; Reverberation (complex networks, plates)
|

i:Ri"‘Ril
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Properties of Re ection Coe cients

k_:Ri Ri 1
" R+ R

ki2 [ 1;1]

j kij > limplies eitheR; or R; ; is negative
A negative impedanceaistive

A positive impedancepassive

Digital waveguide networks are typicsttypleif and
only if they argpassive

Digital waveguide networks (including lattice and
ladder digital Iters) arstableif and only if all
re ection coe cients are bounded hyn magnitude

Can de ne ; = sin (k;) for passive junctions
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One Multiply Scattering Junction

By factoring ouk;, we obtain
fir@) = £t T)+ 1 (1)
fiot+T) =1 (O+F ()
where
fM=k f7t T) f ()
Onlyone multiplicatiomndthree additionmecessary

fir(t-T)

f,(t+T) £ (1)

Another one-multiply form:
fir@ = f; O+ i(Ofat)
fi ((t+T) = f7(t) fat)
where
i(H) = 1+ ki
G(t) = f7, T) fi ()
Againone multiplicatiomndthree additionsiecessary
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Normalized Scattering Junctions

1- K2(t)

ALt-T) (1)

A (t+T) 7 (1)

1- K2(t)

The normalized scattering junction

Recalihormalized waves:

p— P
F=f=R w=Vv R

Converting scattering tiormalized wavds gives
@) = 1 KA (t qT) ki (1)f7 (t)
o+ T) = kO D+ 1 KO
Better term = \Normalized-wave scattering junction”
Normalized junction is equivalent tBCarotation
3 (t) = cos()f ((t T) sin()f7 ()
f7 (t+ T) = sin( )7 ((t T)+cos()fT (t)
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Four multiplieandtwo additiongequired

Usingtransformer normalizatiowe can obtain
three-multiplythree-addvariations:

The Digital Waveguide Transformer

The ideal transformer scales up pressure and scales down
velocity by the same factor

Signal power is conserved
No scattering re ections generated

Physical in principle, but negalizable
There are engineering approximations, however:

{ Conical acoustic tube
{ Horn loudspeakers
{ Quarter-wave microwave transformers
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Transformer Scattering Formulas

General Two-Port;

Py ul¢ Ri:R ¢ Uy P2
-O— -

The general 2-port.

Power conservation:

piUus = p2uU2
. PhoPL P P
., (pr + py) 1R—11 = (P2 +po) 2R22
Non-re ecting:
Py = GiP;
P, = GoP;
for some constantg, g
Solution: .
p; = Ep"’ = }p"'
bR g”
_ I:QZ + _ +
p, = R_pl = gp

whereg = transformer \turns ratio"

Wave- ow diagram:

+ g -
P, [\ p2
R +

< pl < < p2

1/g

The ideal 2-port transformer
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Three-Multiply Transformer-Normalized
Scattering Junction

Fﬁ‘ Ri-1

1/gi (t)

fii (t+T) fi ()

Using transformers, all waveguides are normalized to
the same impedandg;, 1

g and/or 1=g may have a large dynamic range

While transformer-normalization trades a multiply for
an add, up td® more bits needed in junction
adders (see reader)
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Principles of Passive Construction

We can state the following general principles for
passive signal processing

Con ne all nonlinear operationspioysically
meaningful wave variables

Signal power ssquareof physical variable times
admittance or impedance

Passivityassured iéll e ective gaingess than 1
Passive rounding:

{ Apply toextended-precision intermediate result
{ Magnitude truncation (\rounding toward zero")
{ Error power feedback

Limit cycleampossible in passive systems
Over ow oscillationgnpossible in passive systems

Energyin ideal implementation Eyapunov function
bounding energy in the nite-precision implementation
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Structural Losslessness - Two-Port Case Net Signal Power at a Two-Port Scattering
Junction

One-multiplyscattering junctions asgructurally
losslessOnlyone parametefior which alin-range
guantizations correspond to lossless scattering

A junction is passive if the power owing away from it
does not exceed the power owing into it

[f; (1)1 N [fi (t+ TP [t TP N [f; (O
|Ri(t) {z Ri 1(t) Y Ri 1(t) {z Ri(t)}

outgoing power incoming power

{ Re ection coe cientk; 2 [ 1;1]
{ Alpha parameter; 2 [0; 2]

Not all normalized scattering junctions are structurally _ o _
lossless Letf" denote the nite-precision versiorf ofThen a

su cient condition for junction passivity is
{ The four-multiply normalizBd junction has : P v

parameterss; = k; andg = 1 k? which may fi" (1) fir (t)

not satisfys? + ¢ = 1 after quantization £ o+ T) o+ T)
{ The three-multiply normalized junction requires 1 1

non-amplifying rounding on the product of the

quantized transformer coe cieng) (1=g) 1
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The Loaded N-Port Scattering Junction

Four ldeal Strings Intersecting at a Load

? V3(s) =V1(s) = Va(s) = Va(s) = Va(s)
_ Rl
f Ry(s)

Seriegunction, common velocityorces sum to:0

Vi(s) = Va(s) = = Wn(s) = Vi(s)
Fi(s)+ Fa(s)+  + Fn(s) = Vi(s)Ry(s) = Fi(9)
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Computing common velocity at junction:

XN X
RJVJ = F| = (FI+ + FI )
i=1 i=1
X +
= (Rivi Ri R/Z} )
i=1 V; Vi+
X
= (2R\V"  RiV;)
) i=1
I
X b
Vi=2 Ry+ R RiV/*
=1 =1
or
X
Vi= Ai(S)Vi'(s)
=1
where =
Ails) Ri(s)+ Ri+ + Ry

(generalizedlpha parametgr
Finally, by continuity/; = V, = V" +V, )
Vi (9= Va(s) Vi (s)

Remarks:
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Lossless only whenfReg(j! )g O
Memoryless only whenfRy(j! )g O

Dynamic load takes all scattering coe cients into
Laplace domain

{ Order of each \scattering- Iter" equals load order
{ Normallyone Iter can serve entire junction

Junction load equivalent to An+ 1st waveguide
having (generalized) wave impedance given by load
impedance

(consider \perfect termination” of a transmission line
using a resistor equal in value to line impedance)

Alpha Parameters

In the lossless (unloaded) cé&ds) = 0, in the time

domain:
2R;

- Ri+ + Ry
Thesealpha parametei@e analogous to those in the
\adaptors" of wave digital lters (Fettwelis)
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In the lossles case

and

Lossless series scattering in terms of alpha parameters:
X\‘ +
vy(t) = Vi (1)
i=1
vi (1) = va(t) v ()
Alpha parameters conveniently parametrize lossless
junctions:

Explicit coe cients of incoming traveling waves for
computing junction velocity

Losslessness assured when alpha parameters are
nonnegative and sum 20

When alpha parameters sum to less gh#tmere is
conceptually a \resistive loss" at the junction

In the losslesggual-impedanamseR; = R; 8i, we
have

2
"N
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WhenN is a power of twajo multipliesare needed
(multiply-free reverberators, waveguide meshes, etc., ar
based on this)

2D mesh

Rectilinear: 4-port junctions (no multiplies)
Hexagonal (\chicken wire"): 3-port junctions

Triangular: 6-port junctions (staggered rect. w.
diagonals)

3D mesh

Rectilinear: 6-port junctions

Diamond crystal lattice (tetrahedral mesh): 4-port
junctions (no multiplies)
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2D mesh

At each junction:

G

4-port 4-por[ 4-pon
Scattering Scattering Scattering
Junction Junction Junction
Scattering Scattering Scattering
Junction Junction Junction
#H EJESRNES ES
4-port 4-port 4-port
Scattering Scattering Scattering
Junction Junction Junction

S

ing+ inp + ing + ing

S

out, = V;

=
|

ing;

34
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2D Mesh and the Wave Equation Equivalent Finite Di erence Scheme

m

Node (; m) at time n and input/ouput waves

° ° ° ° We have _
[
m+1(N) _ 1
* o Vim:1 ° ¢ Vlm(n+1) - é Vl;rrs1+1(n) + VI+\3_V;m(n) + Vl;r:11 1(n) + V| el;m(n)
o Vi 1m(N) o Vim(N) e Vi+1:m(N) ° 1h |
Vlm(n 1) =3 Vl-g-r$1+1(n) + VI:YI_V;m(n) + Vl-':rg 1(n) + V|+e:|_;m(n)
. .Vl’m 1(n) . . - . 2 - . - .
Adding gives anite di erence equatiosatis ed by the
° ° ° ° mesh
| —> Vim+1 * Viszm + Vim 1+ Vi 1
2D rectangular mesh. Vim(N+ 1)+ Vim(n 1) = =% = > = =
10 Viym+1 Physical variables or{lyo traveling-wave
v, | vin components)
VT]1W R Vme 1 H n
0V 1 . v ) LN Vi Omitted time arguments are &i)
VmW | | VTne . . .
| vis V.msl Subtractingvi, (n) from both sides yields
to Vim 1 V|m(n + 1) 2V|m(n) + V|m(n 1)

= Vit () (M) + Vi 1(0)]
Wit MM+ Y (g

Junction velocity),, at timen:

v|m(n) =

Vim'(N) + Vi (n) + vi?(n) + vi" (n)

2
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or, assuming =Y (\square hole" case),
Vm(N+1)  2Vm(n) + vim(n 1)

T2
X2 VI;m+1(n) 2VIm(n)+ Viim 1(n)
-~ 2T2 Y?2
L Vism(n) - 2im(n) + Vi am(N)
X2 '
In the limit,

@v(xyt) - X2 @uxyit) | @v(xyit)

@i 272 @% @y

l.e., the ideal 2D wave equation

@V:CZ @+@V - & 2y

@t @x @y
wherer 2 denotes the Laplacian, and

oo X
_p_éT
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Traveling Waves on the 2D Square-Holed Mesh

We found that the 2D digital waveguide mesh satis es a
nite di erence scheme which converges to the ideal 2D
wave equation with wave proBagation speed

X X
T PST T o7

Every IBVQ time step&T sec) corresponds to a spatial
step of 2X meters | This is the distance from one
diagonal to the next on the square-holed mesh

Diagonal plane-wave propagatiosxect
Consider Huygens' principle along a riegfonal
Thex andy directions are hightlispersive

{ High frequencies trawabwerthan low frequencies
{ Dispersion depends foequencyanddirection

Thetriangular mesis much closer tisotropic
{ Dispersion more nearly the same in all directions

Frequency-dependent dispersion can be addressed
usingfrequency warping

By construction, there i® attenuatiorat any
frequency in any direction
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