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Wave Scattering at an Impedance
Discontinuity

A change in wave impedancecauses lossless signal
scattering:

� A traveling wave impinging on animpedance
discontinuitywill partiallyre
ect from and partially
transmitthrough the discontinuity

� Pressurewill becontinuouseverywhere

� Velocity in = velocity out(junction has no state)

� Signal power(energy) is conserved
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Plane-Wave Scattering

Consider a plane-wavep+
1 propagating from wave

impedanceR1 into a new wave impedanceR2:

p+
1

p�
1

p+
2

R2R1

Physical constraints:

p+
1 + p�

1 = p+
2 (pressure continuous across junction)

v+
1 + v�

1 = v+
2 (velocity in = velocity out)

Ohm's Law relations:

p+
i = Riv+

i
p�

i = � Riv�
i

3



Scattering Solution

Let

pj
�= p+

1 + p�
1 = p+

2 (pressure at junction)

vj
�= v+

1 + v�
1 = v+

2 (velocity at junction)

Then we can write

p+
1 + p�

1 = p+
2 = pj

) R1v+
1 � R1v�

1 = R2v+
2 = R2vj

) R1v+
1 � R1(vj � v+

1 ) = R2vj

) 2R1v+
1 � R1vj = R2vj

) vj =
2R1

R1 + R2
v+

1

We have solved for the junction velocityvj = v+
2 . The

transmitted pressure is thenp+
2 = R2v+

2 = R2vj .

Sincevj = v+
1 + v�

1 , the re
ected velocity is simply

v�
1 = vj � v+

1 =
�

2R1

R1 + R2
� 1

�
v+

1 =
R1 � R2

R1 + R2
v+

1

Thus, we have solved for the transmitted and re
ected
velocity waves given the incident wave and the two
impedances.
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Using the Ohm's law relations, the pressure waves follow:

p+
2 = R2v+

2 = R2vj =
2R2

R1 + R2
p+

1

p�
1 = � R1v�

1 =
R2 � R1

R1 + R2
p+

1

De�ne

� =
R2 � R1

R1 + R2
=

Impedance Step
Impedance Sum

Then we get the following scattering relations in terms of
� for pressure waves:

p+
2 = (1 + � )p+

1

p�
1 = � p +

1

Signal Flow Graph:

R2R1

v+
1

v�
1

v+
2

� �

p+
1

p�
1

p+
2

�R1 R2

1 � �1 + �

Signal power conserved (left-going power negated):

p+
1 v+

1 = p+
2 v+

2 + ( � p�
1 v�

1 )

5



Superposition of Bidirectional Scattering

�

1 + �

1 � �

� �

p�
1 p�

2

p+
1

R2

Delay

Delay

Delay

Delay

p+
2

R1

� Stepping fromR2 to R1 negates� �=
R2 � R1

R2 + R1

� Transmission is 1 + re
ection in either direction

� \Kelly-Lochbaum" scattering junction

Special Cases:

� R2 = 1 ) � = 1 (e.g., rigid wall re
ection)

� R2 = 0 ) � = � 1 (e.g., open-ended tube)

� R2 = R1 ) � = 0 (no re
ection)
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Plane Wave at an Angle

y
x

ky k = ku

�

� =
2�
k

kx = k sin(� )

wave crests of the sinusoidal traveling plane wave
p(t; x ) = cos

�
!t � kTx

�

Planar pressure-wave traveling in an arbitrary direction:

p(t; x ) = cos
�
!t � kTx

�
; x 2 R 3

wherek = vector wavenumber:

k =

2

4
kx

ky

kz

3

5 = k

2

4
kx=k
ky=k
kz=k

3

5 �= k

2

4
cos�
cos�
cos


3

5 �= k u;

where
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� u = (unit) vector ofdirection cosines

� k = 2�
� = (scalar)wavenumberalong travel direction

Thus, the vector wavenumberk = k u contains

� wavenumber in its magnitudek = k k k

� travel direction in its orientationu = k=k

Note: wavenumber units areradians per meter
(spatial radian frequency)
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Plane Waves at an Impedance Discontinuity

y
x

� �
1

� +
2

� +
1

R1

� +
1

k+
1

k�
1

� �
1

R2 k+
2

� +
2

x = 0
By continuity, waves must agree on boundary plane:



k+

1 ; r
�

=


k�

1 ; r
�

=


k+

2 ; r
�

wherer = (0; y; z) denotes any vector in the boundary
plane. Thus, atx = 0 we have

k+
1y y + k+

1z z = k�
1y y + k�

1z z = k+
2y y + k+

2z z

If the incident wave is constant alongz, thenk+
1z = 0,

requiringk�
1z = k+

2z = 0, leaving

k+
1y y = k�

1y y = k+
2y y

or
k1 sin(� +

1 ) = k1 sin(� �
1 ) = k2 sin(� +

2 )
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Re
ection and Refraction

Above we derived

k1 sin(� +
1 ) = k1 sin(� �

1 ) = k2 sin(� +
2 )

The �rst equality implies

� +
1 = � �

1

(Angle of incidence equals angle of re
ection)

Let ci denote the phase velocity in wave impedanceRi :

ci =
!
ki

; i = 1; 2

In impedanceR2, we have in particular

! 2 = c2
2k

2
2 = c2

2

�
(k+

2x)2 + ( k+
2y)

2�

Solving fork+
2x gives

k+
2x =

s
! 2

c2
2

� (k+
2y)2 =

s
! 2

c2
2

� k2
2 sin2(� +

2 )

Sincek1 sin(� +
1 ) = k2 sin(� +

2 ) from above,

k+
2x =

s
! 2

c2
2

� k2
1 sin2(� +

1 ) =

s
! 2

c2
2

�
! 2

c2
1

sin2(� +
1 )
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We have derived

k+
2x =

!
c2

s

1 �
c2

2

c2
1

sin2(� +
1 )

We earlier establishedk+
2y = k+

1y.

� This describes therefractionof the plane wave as it
passes through the impedance-change boundary.

� Refraction angle depends on ratio of phase velocities
c2=c1.

� This ratio is often called theindex of refraction:

n �=
c2

c1

and the relationk1 sin(� +
1 ) = k2 sin(� +

2 ) is called
Snell's Law(of refraction).
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Evanescent Field due to Total Internal Re
ection

Note that ifc1 < c2j sin(� +
1 )j, the horizontal component

of the wavenumber in medium 2 becomesimaginary:

� Acoustic �eld in medium 2 is\evanescent"

� Wave in medium 1 undergoes
\ total internal re
ection"

� No power travels from medium 1 to medium 2

� Evanescent �eld decays exponentially to the right

� \Tunneling" possible given medium 3 in which wave
propagation resumes

� Reference:Vibrations and Waves in Physics by
I.G. Main, Cambridge University Press, 1978.

But what does it mean?

p(t; x ) = cos
�
!t � kTx

�
= re

�
ej (!t � kxx� kyy)

	

= re
�

ej (!t � kyy)e� jk xx
	

; (let kx
�= � j� x)

�= re
�

ej (!t � kyy)e� kxx
	

= e� kxx cos(!t � kyy)
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� An imaginary wavenumber corresponds to an
exponential decay

� Sign of� x is chosen to match boundary conditions at
plane

� Time dependence applies toall points to the right of
the boundary (no \propagation")
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Longitudinal String Waves

Considerlongitudinalforce and velocity waves in a string:

f +
i (t) = Riv+

i (t)
f �

i (t) = � Riv�
i (t)

where

� Force-variablef = f + + f � now denotes
longitudinal stress= longitudinal compression
pressure(force/area) | a force density

� Wave impedance is nowRi =
p

E�

� � = mass density

� E = Young's modulus
(stress/strain =
compressionPressure/relativeDisplacement)
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Two Impedance Steps

a)

b)

Tc

R1 R2

( )tf -
2

( )tf +
2( )Ttf +

1 -

z- T

z- T

k1 k2 - k2- k1

1 - k1 1 - k2

1 + k21 + k1 ( )Ttf +
1 -

R2R1

( )tf +
2

( )Ttf -
1 +

( )tf -
2

( )Ttf -
1 +

R0

R0

( )Ttf +
0 -

( )Ttf -
0 +

( )Ttf +
0 -

( )Ttf -
0 +

( )tf +
1

( )tf +
1

( )tf -
1

( )tf -
1

Physical stress and velocity at far left of sectioni :

f i = f +
i + f �

i

vi = v+
i + v�

i

� Let x i 2 [0; cT] denote axial position in sectioni

� f i (t; x i )
�= f +

i (t � x i=c) + f �
i (t + x i=c) is the stress

at positionx i and timet within sectioni
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Two-Port Scattering Junctions

Force and velocity must becontinuousat every point

f i � 1(t; cT) = f i (t; 0)
vi � 1(t; cT) = vi (t; 0)

Velocity is positiveto the right.
Stress (compression pressure or force density) isscalar.

Scattering relations:

f +
i (t) = [1 + ki ] f +

i � 1(t � T) � ki f �
i (t)

f �
i � 1(t + T) = ki f +

i � 1(t � T) + [1 � ki ] f �
i (t)

where

ki
�=

Ri � Ri � 1

Ri + Ri � 1

is thei th re
ection coef�cient(we'll derive this later as a
special case ofN -port scattering)

( )tki

( )1 + tki

( )1 - tki

( )- tki

( )Ttf -
+
i 1 -

( )Ttf -
-
i 1 + ( )tf -

i

( )tf +
i

The Kelly-Lochbaum scattering junction
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Kelly-Lochbaum Vocal Tract Model

k1 - k1

1 - k1

1 + k1

R1

z- 21

z- 21

z- 21

z- 21

¼

¼
kM - kM

1 - kM

1 + kM

RM

Glottal Pulse
Train or Noise

e(n)
Speech
Output

y(n)

(Unused
Allpass
Output)

Kelly-Lochbaum Vocal Tract Model (Piecewise Cylindrical)

¼e(n) y(n)

� Vocal tract� piecewise cylindrical acoustic tube

� Ladder �lter with physical interpretation

� Possibly the earliest digital waveguide acoustic model

� Wave impedance in sectioni :

Ri =
�c
A i

whereA i = cross-sectional area of tube

� Re
ection coe�cient ati th cylinder-cylinder junction:

ki
�=

Ri � Ri � 1

Ri + Ri � 1
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Subsequent work

� Articulatory speech synthesis

� Linear Predictive Coding (LPC) of speech

Recent Extensions

� Kelly-Lochbaum + nasal tract + neck radiation +
damping for female singing voice (Perry Cook)

� Sparse acoustic tubes (Lacroix)

� Piecewiseconicaltubes (V•alim•aki and Karjalainen)

Recent Music Applications (This Course)

� Stringed instruments

� Wind instruments

� Brass instruments

� Singing Voice

� Membrane simulation (drums, gongs, ...)

� Reverberation (complex networks, plates)
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Properties of Re
ection Coe�cients

ki
�=

Ri � Ri � 1

Ri + Ri � 1

� ki 2 [� 1; 1]

� j ki j > 1 implies eitherRi or Ri � 1 is negative

� A negative impedance isactive

� A positive impedance ispassive

� Digital waveguide networks are typicallystableif and
only if they arepassive

� Digital waveguide networks (including lattice and
ladder digital �lters) arestableif and only if all
re
ection coe�cients are bounded by1 in magnitude

� Can de�ne� i
�= sin� 1(ki ) for passive junctions
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One Multiply Scattering Junction

By factoring outki , we obtain

f +
i (t) = f +

i � 1(t � T) + f � (t)
f �

i � 1(t + T) = f �
i (t) + f � (t)

where
f � (t) �= ki

�
f +

i � 1(t � T) � f �
i (t)

�

Onlyone multiplicationandthree additionsnecessary

( )tki
+

-

( )Ttf -
+
i 1 -

( )Ttf -
-
i 1 + ( )tf -

i

( )tf +
i

Another one-multiply form:

f +
i (t) = f �

i (t) + � i (t) ~f d(t)
f �

i � 1(t + T) = f +
i (t) � ~f d(t)

where

� i (t)
�= 1 + ki

~f d(t)
�= f +

i � 1(t � T) � f �
i (t)

Againone multiplicationandthree additionsnecessary
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Normalized Scattering Junctions

( )tki ( )- tki

( )
�

1 - tk2
i

( )
�

1 - tk2
i

( )tfÄ+
i

( )tfÄ-
i( )TtfÄ-

-
i 1 +

( )TtfÄ-
+
i 1 -

The normalized scattering junction

� Recallnormalized waves:

~f +
i

�= f +
i =

p
Ri ~v+

i
�= v+

i �
p

Ri

� Converting scattering tonormalized waves~f � gives

~f +
i (t) =

q
1 � k2

i (t) ~f +
i � 1(t � T) � ki (t) ~f �

i (t)

~f �
i � 1(t + T) = ki (t) ~f +

i � 1(t � T) +
q

1 � k2
i (t) ~f �

i (t)

� Better term = \Normalized-wave scattering junction"

� Normalized junction is equivalent to a2D rotation:

~f +
i (t) = cos(� i ) ~f +

i � 1(t � T) � sin(� i ) ~f �
i (t)

~f �
i � 1(t + T) = sin(� i ) ~f +

i � 1(t � T) + cos(� i ) ~f �
i (t)
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� Four multipliesandtwo additionsrequired

� Usingtransformer normalization, we can obtain
three-multiply, three-addvariations:

The Digital Waveguide Transformer

The ideal transformer scales up pressure and scales down
velocity by the same factor

� Signal power is conserved

� No scattering re
ections generated

� Physical in principle, but notrealizable
There are engineering approximations, however:

{ Conical acoustic tube

{ Horn loudspeakers

{ Quarter-wave microwave transformers
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Transformer Scattering Formulas

General Two-Port:

+

-

+

-

p1 p2u1 u2RR 21:

The general 2-port.

Power conservation:

p1u1 = � p2u2

, (p+
1 + p�

1 )
�

p+
1 � p�

1

R1

�
= � (p+

2 + p�
2 )

�
p+

2 � p�
2

R2

�

Non-re
ecting:

p�
1 = g1p+

2

p�
2 = g2p+

1

for some constantsg1, g2

Solution:

p�
1 =

r
R1

R2
p+

2
�=

1
g

p+
2

p�
2 =

r
R2

R1
p+

1
�= gp+

1
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whereg �= transformer \turns ratio"

Wave-
ow diagram:

p p

pp

+ -

- +

1 2

1 2

g

1/g

The ideal 2-port transformer
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Three-Multiply Transformer-Normalized
Scattering Junction

( )tki
+

-

( )Ttf -
+
i 1 -

( )Ttf -
-
i 1 + ( )tf -

i

( )tf +
i

( )1 tgi

( )
( )
( )

�

tk
tk

tg
i

i
i +

-
=

1
1

R -i 1Ri Ri

� Using transformers, all waveguides are normalized to
the same impedance,Ri � 1

� gi and/or 1=gi may have a large dynamic range

� While transformer-normalization trades a multiply for
an add, up to50% more bits needed in junction
adders (see reader)
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Principles of Passive Construction

We can state the following general principles for
passive signal processing:

� Con�ne all nonlinear operations tophysically
meaningful wave variables

� Signal power =squareof physical variable times
admittance or impedance

� Passivityassured ifall e�ective gainsless than 1

� Passive rounding:

{ Apply toextended-precision intermediate result

{ Magnitude truncation (\rounding toward zero")

{ Error power feedback

� Limit cyclesimpossible in passive systems

� Over
ow oscillationsimpossible in passive systems

� Energyin ideal implementation =Lyapunov function
bounding energy in the �nite-precision implementation
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Structural Losslessness - Two-Port Case

� One-multiplyscattering junctions arestructurally
lossless: Onlyone parameterfor which allin-range
quantizations correspond to lossless scattering

{ Re
ection coe�cientki 2 [� 1; 1]

{ Alpha parameter� i 2 [0; 2]

� Not all normalized scattering junctions are structurally
lossless

{ The four-multiply normalized junction hastwo
parameters,si

�= ki andci
�=

p
1 � k2

i , which may
not satisfys2

i + c2
i = 1 after quantization

{ The three-multiply normalized junction requires
non-amplifying rounding on the product of the
quantized transformer coe�cients(gi ) � (1=gi ) � 1
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Net Signal Power at a Two-Port Scattering
Junction

A junction is passive if the power 
owing away from it
does not exceed the power 
owing into it

[f +
i (t)]2

Ri (t)
+

[f �
i � 1(t + T)]2

Ri � 1(t)| {z }
outgoing power

�
[f +

i � 1(t � T)]2

Ri � 1(t)
+

[f �
i (t)]2

Ri (t)| {z }
incoming power

Let f̂ denote the �nite-precision version off . Then a
su�cient condition for junction passivity is

�
�
� f̂ +

i (t)
�
�
� �

�
� f +

i (t)
�
�

�
�
� f̂ �

i � 1(t + T)
�
�
� �

�
� f �

i � 1(t + T)
�
�
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The Loaded N -Port Scattering Junction

Four Ideal Strings Intersecting at a Load

. . .
. . .

( )sV -
1

( )sV -
2

( )sV +
2

( )sV +
1

. . .

. . .

( )sV +
3

( )sV -
3

( )sV -
4

( )sV +
4

( ) ( ) ( ) ( ) ( )sVsVsVsVsVJ ==== 4321

( )sFJ

( )sRJ

( )
( )

=
sR
sF

J

J

Seriesjunction, common velocity, forces sum to 0:

V1(s) = V2(s) = � � � = VN (s) �= VJ (s)

F1(s) + F2(s) + � � � + FN (s) = VJ (s)RJ (s) �= FJ (s)
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Computing common velocity at junction:

RJVJ =
NX

i=1

Fi =
NX

i=1

(F +
i + F �

i )

=
NX

i=1

(RiV +
i � Ri V �

i|{z}
VJ � V+

i

)

=
NX

i=1

(2RiV +
i � RiVJ )

)

VJ = 2

 

RJ +
NX

i=1

Ri

! � 1 NX

i=1

RiV +
i

or

VJ =
NX

i=1

A i (s)V +
i (s)

where

A i (s) �=
2Ri

RJ (s) + R1 + � � � + RN

(generalizedalpha parameter)

Finally, by continuity,VJ = Vi = V +
i + V �

i )

V �
i (s) = VJ (s) � V +

i (s)

Remarks:
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� Lossless only when Ref RJ (j! )g � 0

� Memoryless only when Imf RJ (j! )g � 0

� Dynamic load takes all scattering coe�cients into
Laplace domain

{ Order of each \scattering-�lter" equals load order

{ Normallyone �lter can serve entire junction

� Junction load equivalent to anN + 1st waveguide
having (generalized) wave impedance given by load
impedance
(consider \perfect termination" of a transmission line
using a resistor equal in value to line impedance)

Alpha Parameters

In the lossless (unloaded) case,RJ (s) = 0, in the time
domain:

� i =
2Ri

R1 + � � � + RN

Thesealpha parametersare analogous to those in the
\adaptors" of wave digital �lters (Fettweis)
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In the lossles case
0 � � i � 2

and
NX

i=1

� i = 2

Lossless series scattering in terms of alpha parameters:

vJ (t) =
NX

i=1

� iv+
i (t)

v�
i (t) = vJ (t) � v+

i (t)

Alpha parameters conveniently parametrize lossless
junctions:

� Explicit coe�cients of incoming traveling waves for
computing junction velocity

� Losslessness assured when alpha parameters are
nonnegative and sum to2

� When alpha parameters sum to less than2, there is
conceptually a \resistive loss" at the junction

In the lossless,equal-impedancecase,Ri = R; 8i , we
have

� i =
2
N
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WhenN is a power of two,no multipliesare needed
(multiply-free reverberators, waveguide meshes, etc., are
based on this)

2D mesh

� Rectilinear: 4-port junctions (no multiplies)

� Hexagonal (\chicken wire"): 3-port junctions

� Triangular: 6-port junctions (staggered rect. w.
diagonals)

3D mesh

� Rectilinear: 6-port junctions

� Diamond crystal lattice (tetrahedral mesh): 4-port
junctions (no multiplies)
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2D mesh

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1 z- 1

4-port
Scattering
Junction

z- 1

z- 1

z- 1

z- 1

z- 1 z- 1 z- 1 z- 1 z- 1 z- 1

At each junction:

VJ =
in1 + in2 + in3 + in4

2
outk = VJ � ink; k = 1; 2; 3; 4
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2D Mesh and the Wave Equation

vlm (n)

vl;m � 1(n)

vl+1 ;m(n)vl � 1;m(n)

vl;m+1 (n)

m

l
2D rectangular mesh.

v� s
lmv+ s

lm

v+ n
lm

to vl+1 ;mto vl � 1;m

to vl;m � 1

to vl;m+1

v� n
lm

v+ w
lm v� e

lm

v+ e
lmv� w

lm

vl;m

Node (l; m) at time n and input/ouput waves

Junction velocityvlm at timen:

vlm(n) =
1
2

�
v+ n

lm (n) + v+ e
lm (n) + v+ s

lm (n) + v+ w
lm (n)

�
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Equivalent Finite Di�erence Scheme

We have

vlm(n+1) =
1
2

h
v� s

l;m+1 (n) + v� w
l+1;m(n) + v� n

l;m� 1(n) + v� e
l � 1;m(n)

i

vlm(n� 1) =
1
2

h
v+ s

l;m+1 (n) + v+ w
l+1;m(n) + v+ n

l;m� 1(n) + v+ e
l� 1;m(n)

i

Adding gives a�nite di�erence equationsatis�ed by the
mesh

vlm(n + 1) + vlm(n � 1) =
vl;m+1 + vl+1;m + vl;m� 1 + vl � 1;m

2

� Physical variables only(no traveling-wave
components)

� Omitted time arguments are all '(n)'

Subtracting2vlm(n) from both sides yields

vlm(n + 1) � 2vlm(n) + vlm(n � 1)

=
1
2

f [vl;m+1 (n) � 2vlm(n) + vl;m� 1(n)]

+ [vl+1;m(n) � 2vlm(n) + vl � 1;m(n)]g
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or, assumingX = Y (\square hole" case),

vlm(n + 1) � 2vlm(n) + vlm(n � 1)
T2

=
X 2

2T2

�
vl;m+1 (n) � 2vlm(n) + vl;m� 1(n)

Y 2

+
vl+1;m(n) � 2vlm(n) + vl � 1;m(n)

X 2

�
:

In the limit,

@2v(x; y; t)
@t2

=
X 2

2T2

�
@2v(x; y; t)

@x2
+

@2v(x; y; t)
@y2

�

i.e., the ideal 2D wave equation

@2v
@t2

= c2
�

@2v
@x2

+
@2v
@y2

�
�= c2r 2v

wherer 2 denotes the Laplacian, and

c =
1

p
2

X
T
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Traveling Waves on the 2D Square-Holed Mesh

We found that the 2D digital waveguide mesh satis�es a
�nite di�erence scheme which converges to the ideal 2D
wave equation with wave propagation speed

c =
1

p
2

X
T

=

p
2X

2T

� Every two time steps (2T sec) corresponds to a spatial
step of

p
2X meters | This is the distance from one

diagonal to the next on the square-holed mesh

� Diagonal plane-wave propagation isexact

� Consider Huygens' principle along a meshdiagonal

� Thex andy directions are highlydispersive:

{ High frequencies travelslowerthan low frequencies
{ Dispersion depends onfrequencyanddirection

� The triangular meshis much closer toisotropic:

{ Dispersion more nearly the same in all directions

� Frequency-dependent dispersion can be addressed
usingfrequency warping

� By construction, there isno attenuationat any
frequency in any direction
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