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Example: Force Driving a Mass

Consider a forde(t) driving a mass1 to produce a
velocityv(t) = x(t) at the driving point. By Newton's
2nd law,

f(t) = my(t) ! F(s) = msV(s)
9 Rall) = o) = im

where! is frequency in radians per second

Sinusoidal Driving Force

Driving a masm sinusoidally:
_ B TT
f(t)=cos(t) = 2(—:-' + 2e
produces the velocity (usMdj! ) = F (! )=Rm(j! ))
1 1, N 1 1

VO = 5 2 Timen) 2
O R
“mo7S w3
= Wsin(!t)
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Impedance

We will get a lot of mileage out\ohpedance analysis™

Laplace-transform analysigh zero initial conditions

Also calledteady state analysis

For mechanical systems,

force
velocity

Impedance

de ned at somelriving point
For LTI systems, impedance may vary fngtiuency:

_F() _ forcd!)
V() velocity!)

R(!)

Impedance in Other Physical Systems

For electrical systems, impedance is voltage divided
by currentR = V=I

For transverse traveling waves on a vibrating string,
the wave impedander characteristic impedands
given by

FG!) _ P

R=V(j!) =cC

where

{ F = transverse force
{ V = transverse velocity
{ = string density (mass per unit length)
{ K = string tension (stretching force)
For longitudinal waves in air, tivave impedands
given bypressure divided byparticle velocity:
_PG) P ——_
“ugy - T
where is the density (mass per unit volume) ofcair,
is the speed of sound propagatinis ambient air
pressure, and. = 1:4 is theadiabatic gas constant

for air (ratio of the speci c heat of air at constant
pressure to that at constant volume)
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For longitudinal plane-wave sections iacaustic
tube the wave impedande given byressure
divided bywolume velocity:

P(j!

R = (‘I ) = £
V(i) A

whereA is the cross-sectional area of the tube

section. Note that volume velocity is in units of

meters cubed per second.

Typical physical units used in practice are the
Standard International (SI) units:

{ forcein Newtons(kilograms times meters per
second squared)

{ pressurén Newtons per meter squared

{ velocityin meters per second

{ massin kilograms

Related terms:

{ admittance= ————
impedance

{ reactance= purely imaginary impedance
{ susceptance purely imaginary admittance
{ immittance= either impedance or admittance

Elementary Impedances

Ideal Dashpot

V() —>

f(t) —>]
m

Ideal dashpot characterized by a constant impedance

Dynamic friction law
f(t) v (t) \Ohm's Law"
(Force= Frictioncoe cient Velocity
Impedance
R (s) = 0
Dashpot =gainfor force input and velocity output
Electrical analogu®esistoiR =
More generally, losses due to friction are

{ frequency dependent
{ hysteretic

For transverse electromagnetic (TEM) waves in a
transmission linghe characteristic impedanise
given by electric potentidlin volts divided by

electric currentt in amperes (coulombs per second):
r

v L
R=—= —=Llc
| C

whereL andC are the inductance and capacitance,
respectively, per unit length along the transmission
line

In a vacuum, the wave impedance for light (also a

TEM wave) is
r

R = 0= oC
0
where g and g are thepermeabilityand

permittivity respectively, of the vacuum

It is odd and interesting that waves in the vacuum are
subject to the special theory of relativity (speed of
light always measured to be the same, irrespective of
one's velocity)

Ideal Mass

v(t) ——

ft)— m

0 X(t) ——

Ideal mass ah kilograms sliding on a frictionless surface

Newton's 2nd Law
f(t) = ma(t) = my(t) = mx(t)
(Force= Mass Acceleration
Di erentiation Theorenfior Laplace Transform
F(s) = m[sV(s) Vv(0)]=msV(s)
whenv(0) = 0.
Impedance
F(s) _

Rm(s) = V) - ms



F() —> GO =M

\Black Box" Description

Admittance
11
Rm(s) ms

m(s) =
Impulse Respong@enit-momentum input)
1
m®) =L M m(s)g= ()
Frequency Response

ol )= —

m;j!
Mass admittance #ntegrator
(for force input, velocity output)

Electrical analoguénductorL = m.

One-Port Driving-Point Impedances

F(s) +O—
CRIREEC)
-O—

One-Port \Black Box"

Port state s(t) determined bforcef (t) andvelocity
v(t)

s(t) = ff (t); v(t)g
Exactly analogous tetwork theonfor RLC circuits
Velocity alwaypositive owing into device

\Network" characterized by pdrhpedance
(admittance

R(s) = g = impedance \seen" at port
R(s) also called thdriving-point impedance

(s)= % = driving-point admittance
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Ideal Spring

k
fy —»

0 X(t) ——

Ideal spring

Hooke's law
z t
f(t) = kx(t)=k v()d
0
(Force= Stiness Displacemeht

Impedance
F(s) _k

Ri(s) = V(s) s

Frequency Response
. j!
| = —
() ="
Spring =di erentiator (force input, velocity output)

Velocityv(t) = \compression velocity"

Electrical analogu€apacitorC = 1=k
(1/sti ness = \compliance")
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Series Connection of One-Ports

F(9 =Fy(9) *+ F5(9
O
Fi89 | &GO

} V(9 =V4(9) =Vyl9)
-

Fy(s) Gy(9)

Ta

Series Impedancgam
R(s) = Ru(s) + Ra(s)
Admittance:

1 12
(s)= T 1

Physical Reasoning:

Common Velocity Seriesconnection

Summing Forces Seriesconnection
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Parallel Combination of One-Ports

V(s) = Vq(s) + Val9)

( s) Vz(S)

%

Gy(s) F(s) Gy(s)

ol

F(s) =Fy(s) =F(9)

Parallel AdmittanceSum

()= 1s)+ 2fs)

Impedance:
~ 1 _ RiR,
RO= 1 T 1 “R+R
Ri(9) ~ Ra(9) 1r e

or, for EEs,

R = RyjjR2
Physical Reasoning:

Common Forcg Parallelconnection

Summing Velocitigs Parallelconnection
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Mass-Spring-Wall (Series)

Physical Diagram:

fae(t) +fm(t) +f (1) =0
Vi (t) = w(t) —= k

fee(t) —
f
f m | fk(t)
0 x(t)—

Electrical Equivalent Circuit:

m(t) = Vi(t)

Massm $ InductancelL = m
(impedanceRp(s) = ms)

Springk $ Ca acnanceC =1
(impedanceRy(s) = —)
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Examples

Mass-spring-wall seriesnass-spring combination:

foa(t) +fm(t) +f, (1) =0

Vin(t) = Vie(t) — k
fea(t) —>
f
f(t) < | fu®)
0 x(t)——

Spring-mass parallelmass-spring combination

(frictionless,
massless,
vertical - -

guide rod) | k() =fm(t) =~ fee

-

k
OO

—= V() =V () + v () vm(t) —
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Spring-Mass (Parallel)

Physical Diagram:

(frictionless,
massless,
vertical - -
guide rod) fi(®) =fm(t) = oo

-

k
OO

—= V(1) =V (t) + Vi (1) V() —=

Electrical Equivalent Circuit:

) )
+ Vi(t)
+

fext(®) Qf O (O
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Mass-Spring-Wall (Series) Impedance Diagram Spring-Mass (Parallel) Impedance Diagram

Vim(S) = Vi(s) Vext(s) Vin(S)

+ — + —+
Fext(s)@ I:k(S) Fm(s)

Fext(s) = Fk(s) = Fm(s)
Vext(S) = Vk(S) + Vm(s)

Fexts) = Fm(S) + Fu(s) K ms
= = R(s) = 3
Vext(s) = Vi(s) = Vi(9) k ) RO = s
) Fext(s) = Vex(s) ms+
Fext k
) R(s) = ——= ms+ —
Vext S
17 18
\Voltage Divider" Relations Example Impulse Response Calculation
Let's take the series case:
Vm(s)_:>Vk(S)

Vin(S) = W(s)

+
Fext(s) @

Rk(s) k
Fi(s) = Fext(S)s——— = = Fext(S——
" Rn(9)+ Ruls) s + E Suppose the mass is hit with a force impulse:
Rm(s) ms fext(t)= (1) $ Fext(s)=1
Fn(9)= FeXt(S)m = Fex(®) ms + K Then the Laplace transform of the fdrgé) on the

mass after time 0 is given, using the \voltage divider"
formula, by
ms s?

Fm(s) = =

De ne! 3= k=m.
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The maswelocityLaplace transform is then General One-Ports
Fm(s) _ 1 S

Vin(s) =

ms m s2+12 General one-port admittance
_1 12 . 1=2 o = psN + sN T+ + by _ B(s)
m s+jlo s jlo ()_aosN+alsN 1+ +ay  A®9
l 0
$ acos( ot): Physically, must hawg = 0
Thus, the impulse response of the mass oscillates { Every physical system \looks like a mass" at
sinusoidally with in nite frequency
dian f o= P e { Forbest reduced-order approximatimeedy, 6 0
radian frequendo = - f=m { Standard normalization = 1 (A(z) monig
amplitudel=m (' s) often arational approximatioi a true physical
velocity at a maximum at tinhe= O admittance
momentunmv(0+) =1 { Filter design problem
{ Try to preserve fundamental physical properties
21 22
Passive One-Ports Poles ehnd %er&s_of a Reactance Interlace
along the JT  Axis

The impedance (or admittance) of every passive one-port

is positive real Poles and Zeros Phase Response
A complex-valued function of a complex varigb)e
is said to bositive rea(PR) if o p/2 [»
1) ( s) is real whenevsris real — 0
2) Ré (s)g Owhenever Reg O. o} °plane “p/2 v
For strictly PR, replace \ " with \ >" spring® émass® “spring® mass®
The phaseof a PR function is bounded between plus
and minu®0degrees Properties of a Reactance
5 V) 5

Real part Oonj! axis

The term \immittance" refers to either an impedance
or admittance

A losslesammittance (no dashpots) is called a
reactancg (! ) purely imaginary

For any reactance, all poles and zeros imaslace
along thg! axis.
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Schur Functions

A Schur functiors(z) is any stable discrete-time
rational transfer function having a modulus not
exceeding on the unit circle,

sET) 1

The corresponding continuous-time transfer function
Sc(s) satis es the same condition on fheaxis, i.e.,

St )i 1
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Guitar Bridge Admittance

Consider the limiting case dbaslessridge

(zero damping, mass-spring model only):
Bridge = pure reactance (no sound gets out)
String-body coupling &ergy conserving
All poles onj! axis (in nite-Q resonances)

All zeros ol axis (in nitely deep notches, or
anti-resonances at various frequencies)

Resonances and anti-resonaaltemate

Impedance looks like a spring at DG Q)
(\sti ness controlled")

Impedance looks like a mass$ at 1
(\mass controlled")

As frequency increases, driving-point impedance
alternates between looking like a mass and looking
like a spring, changing as each resonance or
anti-resonance is passed.

Looks like a spring at frequencies above an
anti-resonance and below a resonance
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There ection transfer functiofire ectance")
corresponding to any positive-real immittance is a
Schur function

{ Re ectance for \force" waves (pressure, voltage) is
R(Z) Ro
R(z) + Rg
whereR is the impedance of the adjacent
wave-propagation medium
{ Re ectance for \velocity" waves is

(z)  o_
(2)+

{ Duality:R$ ,+'$ * '

{ Every passive re ectance is Schur

{ Every lossless re ectance is an allpass lter
(modulus 1 on thg axis)

{ Every reactance has an allpass re ectance

Si(2) =

Su(z) = Si(2)
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Looks like a mass at frequencies above a resonance
and below an anti-resonance

Matlab for Synthetic Guitar Bridge Admittance
Method 1:

R(Z) = Ro}ﬁiiii
S@) = gy 9<1

A(z) = z YAz 1) = Flip (A)(2)
A(z) = polynomial with roots at desired poles

Guaranteed positive real
No independent control of residues and bandwidths

Method 2:
=2 1
oy Lrau(i)z 1+ ay(i)z 2
aii) = 2Ricos(i); ay(i) = R?
Ri e B iT; i = 2F iT

R(z) = Ro(1 z Y

Not guaranteed positive real (or is it?)

Have independent control of residues and bandwidths
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Other Methods: poles = R .* exp(j*theta);
Al = -2*R.*cos(theta); % 2nd-order section coeff

General lter design problem, approximai(g'™ ) A2 = R*R; % 2nd-order section coeff
as the \desired frequency response” denoms = [ones(size(Al)); Al; A2]
How to enforce the positive real constraint? A = [1,zeros(1,2*nsec)];
Matlab for Method 1: for i=l:nsec, S -
% polynomial multiplication = FIR filtering:
fs = 8192; % Sampling rate in Hz A = filter(denoms(i,:),1,A);
fc = 300; % Upper frequency to look at end;

_ o . . .
nfft = 8192,% FFT size (spectral grid density) Now A contains the (stable) denominator of the desired

bridge admittance. We want now to construct a
numerator which gives a positive-real result. We'll do this
by rst creating a passive re ectance and then computing
the corresponding PR admittance.

nspec = nfft/2+1;
nc = round(nfft*fc/fs);
f = ([0:nc-1]/nfft)*fs;

z/o Measureg gu?tar Eogy resonances g = 0.9; % Uniform loss factor
% Measured guitar body resonances _ B = g*fliplr(A); % Flip(A)/A = desired allpass
F = [4.64 96.52 189.33 219.95]; % frequencies
B=[10 20 40 50 ]; % bandwidths Badm = A - B
Aadm = A + B;
nsec = length(F); Badm = Badm/Aadm(1); % Renormalize
] . Aadm = Aadm/Aadm(1);
R = exp(-pi*B/fs); % Pole radii
theta = 2*pi*F/fs; % Pole angles % Plots
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Synthetic Guitar-Bridge Admittance, Method 1
fr = freqz(Badm,Aadm,nfft,'whole");

Synthetic Guitar Bridge Admittance, Method 1
T T

nc = round(nfft*fc/fs);

spec = fr(l:nc);

f = ([0:nc-1]/nfft)*fs;

dbmag = db(spec);

phase = angle(spec)*180/pi;

Magnitude (dB)

subplot(2,1,1);

plot(f,dbmag); grid;

title('Synthetic Guitar Bridge Admittance');
ylabel('Magnitude (dB)");

subplot(2,1,2);

Phase (degrees)

plot(f,phase); grid;
ylabel('PhaSe (degrees)l), -1000 5‘0 ].(")0 1;0 2(‘)0 2;0 300
xlabel('Frequency (Hz)"); Frequency (H2)

All resonances reach same height, by construction
Phase min/max also uniform

Resonance tuning is arbitrary

Anti-resonances determined by resonances
Guaranteed positive real
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Matlab for Method 2:
. as in Method 1 until ...

% Measured guitar body resonances
F = [4.64 96.52 189.33 219.95]; % Hz

B=[20 20 10 10 ]; % Hz

Rd=[ O 5 40 40 ]; % Heights in dB
R = 10.~(Rd/20); nsec = length(F);

R = exp(-pi*B/fs); % Pole radii

theta = 2*pi*F/fs; % Pole angles

poles = R .* exp(j*theta); % Complex poles

Al = -2*R.*cos(theta);

A2 = R*R;

denoms = [ones(size(Al)); Al; A2]

A = [1,zeros(1,2*nsec)];

for i=1:nsec,
% polynomial multiplication = FIR filtering
A = filter(denoms(i,:),1,A);

end;

% Construct a resonator as a sum of
% arbitrary modes with unit residues,
% adding a near-zero at DC.
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Synthetic Guitar-Bridge Admittance, Method 2

Synthetic Guitar Bridge Admittance, Method 2
45 T T T

Magnitude (dB)
N w w B
o« o a o

N
=]

N
5}
o

50 100 150 200 250 300

N
1)
S

Phase (degrees)
@
o o

&
=]

o
o
o

I
50 100 150 200 250 300
Frequency (Hz)

Resonances have arbitrary height
Phase min/max non-uniform
Resonances arbitrarily tunable
Anti-resonances arbitrarily tunable
Must check positive real condition
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B = zeros(1,2*nsec+1);
impulse = [1,zeros(1,2*nsec)];
for i=1:nsec,
% polynomial multiplication
B = B + filter(A,denoms(i,:),impulse);
end;

B = filter(J1 -0.995],1,B); % near-zero at DC
% filter() does polynomial division here:
B = B + filter(A,denoms(i,:),impulse);

end;

% add a near-zero at DC

B = filter([1 -0.995],1,B);

. as in Method 1 for display ...
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Measured Guitar-Bridge Admittance

Measured Guitar Bridge Admittance

Magnitude (dB)
o

i i i i i
0 50 100 150 200 250 300

BN

Phase (degrees)

50 160 150 260 25;0 300
Frequency (Hz)
Looks similar to method 2 case

Anti-resonance near 115 Hz can be achieved in
synthetic case (method 2) by adjusting residues

Phase looks \impossible" below 50 Hz

36



Coherence and Overlaid Amplitude Responses of Coherence and Overlaid Phase Responses of
Measured Guitar-Bridge Admittance Measured Guitar-Bridge Admittance

Guitar Bridge Data syy1:3 - Coherence Function and Transfer Function Overlays
60 T T T T T T T T

so1— I -

Guitar Bridge Data syy1:3 - Coherence Function and Transfer Function Overlays
5 T T T T T

Magnitude (dB)
[ N w B
o o o (?

o
Phase (rad)
w
o

N
S}

v
: 1 3t |
20 i i i i i i i i
[¢] 0.2 0.4 0.6 8 1.2 1.4 1.6 18

0. 1 .
Frequency (kHz) 2.5r
Note overlay of three separate admittanagnitude 25 - - = - - )
measurements (easy to see below 50 Hz) ' ~ Frequency (kHz) '
Coherence function is the top line (max = 1):
‘e 1yi2 Three admittancphasemeasurements overlaid

Xy Sex(1)Syy(!) Only high-coherence frequency interval shown
Measurements less reliable where coherence is small Coherence function is the horizontal line, max = 1
Data not good below 120 Hz or so Peak-to-peak excursion is less thaadians, as
Air modes numerous above 500 Hz or so required for passivity
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