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Abstract

This laboratory assignment should teach the student how waves propagate in &ibrating
string. lllustrated by way of animations, several examples involving vaious string termina-
tions are presented. This laboratory exercise is considered a prelude to the digitalaveguide
model laboratory assignmen{1 and the prerequisite assignments are the monochord laboratory
assignmen@ the weighted monochord laboratory assignmenﬂ and the harmonics laboratory
assignmenE
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1 Introduction

The wave equation is a partial di erential equation that cha racterizes how waves propagate. The
analysis can be quite complex, but we will examine a few simpl examples ofsolutions to the wave
equation for special cases. These solutions can describeade number of phenomena in musical
acoustics from vibrating strings to columns of air.

First the basic physics of traveling waves and the travelingwave decomposition are introduced.
Then the types of re ections found in rigidly-terminated vib rating strings are considered and a
number of musically-relevant initial conditions are investigated. Students learn how to predict the
behavior of a a rigidly-terminated vibrating string given any initial conditions. Finally, students
sketch the traveling-wave decomposition of a vibrating string for three given initial conditions.

2 Summary Of Objectives

Learn how auniform, in nitely-long vibrating string behaves.
Learn how avibrating string with rigid terminations behaves.

Realize that displacement waves in a one-dimensional waveguide with iesting re ections
model a vibrating string with rigid terminations.

Understand how a string vibrates when it is struck.
Understand how a string vibrates when it is bowed

Learn how to predict the behavior of a rigidly-terminated vib rating string given any initial
conditions.

Sketchthe resulting traveling-wave behavior for three di erent in itial conditions.

3 Traveling Waves In A Vibrating String

Imagine dropping a pebble in a bucket of still water. After the pebble rst touches the water, waves
propagate away from the disturbance. Although the waves spread out, tleir general form remains
the same until they reach a change in the medium. In this examfe, when they reach the bucket
wall, they re ect back away from the wall.

Wave propagation is simple in any uniform medium. By consideing a few types of re ections,
we will be able to understand a large number of wave phenomenia musical acoustics. We will use
a one-dimensional waveguide, where wave motion is con ned ta line.

Imagine a perfectly uniform, in nitely-long, one-dimensional waveguide. This could for example
be an in nitely-long vibrating string. A wave travels either to the right or to the left in such a
medium since the wave will never encounter anything that it an re ect o of. Consider a wave
traveling to the right. At any time t and at any position x along its length, the displacement of the
string due to the wave has a particular value, sayy, (t;x). This means that the right-going traveling
wave is described by the functiony,. Similarly, y,(t;x) may describe the left-going traveling wave.
Only their sum



y(t;x) = yi(t;x) + ye(t; x) 1)

is observable wherey(t; x) is the actual, physical string displacement at time t and position x.

Figure [1 shows how an in nitely-long vibrating string behaves when it is initialized at t = 0
according to a triangular pluck. The top and middle frames stow the right-going and left-going
traveling waves, respectively. The lowest frame shows theilrating string's net displacement. Due
to (1), the lowest frame of the animation is the sum of the uppe two frames.
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Right yr[t,x]

Left yl[t,x]

Total y(t,x)

Figure 1: Traveling waves in an in nite-length waveguide

Tﬂhis is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated
GIF.P

In this case, the wave variableis displacement, so the appropriate unit fory(t;x), y,(t;x), and

yi(t; x) is the meter. Other wave variables such as velocity, accetation, force, and slope waves
may describe wave motion in an analogous manner.

Vibrating columns of air also behave approximately like onedimensional waveguides. In this
case, the wave variables may be pressure, velocity, etc [1].

4 Rigid Terminations

Waveguides in real musical instruments do not have in nite length, rather they begin and end
at terminations. Since a termination may be interpreted as achange in the medium, it is almost
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always responsible for a re ection. Let's start by consideing the terminations of a typical vibrating
string.

The vibrating string on a guitar is terminated at the bridge ( x = O0m) and the nut (x = Lm).
Roughly speaking, the terminations arerigid, meaning they force the local string displacement to
be zero. They can be considered to be nodes.

Mathematically, we have the boundary conditionsy(t; 0) =0 = y(t;L), and so due to (1)

yr(t0) = wi(t 0) (2)
and

yi(tL)= yr(tL) 3

This means that a rigidly-terminated vibrating string causes displacement waves to change sign
when re ected at terminations. This kind of re ection is kno wn as an inverting re ection. Figure
shows how the rigidly-terminated vibrating string behaves when it is initialized at t = 0 according
to the same triangular pluck as Figure[1, whereL = 1m. The top and middle frames again show
the right-going and left-going traveling waves, respectivey. Notice that for each of these two upper
frames, the wave traveling o of the side is inverted and arrives on the same side of for the wave
traveling in the opposite direction according to (2) and (3). The traveling wave behavior is quite
simple.

The lowest frame shows the vibrating string's net displacenent. This is the quantity that you
can actually see when you watch a string vibrate, although ithappens so fast in real life that it
looks like a blur. Here we slow down the behavior so that you ca see and understand how it
happens.

This is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated
GIF.9

The triangular pluck, or initial condition, is idealized fo r simplicity. In real life, it would be
hard to start a string vibrating with this condition. For exa mple, you would need a pick for each
of the three kinks. Most guitarists use at most one pick per sting{certainly not three picks for one
string!

5 Struck String

Other initial conditions arise in di erent situations. For instance, in a piano, a hammer strikes a
string to set it into motion. When the hammer strikes the stri ng evenly across the surface of the
hammer, a situation similar to the animation in Figure 3larises. Note how the two pulses re ecting
back and forth in the bottom frame interfere with each other when they overlap in space.

This is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated
GIF.[

For convenience, we are using the velocity(t; x) as the wave variable here instead of displace-
ment. This is because it is easier to relate the velocity inital conditions to a blow from a hammer.
Like displacement waves, velocity waves change sign at ridistring terminations, but this is not
true for all possible choices of wave variables [1].
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Right yr[t,x]

Left yI(t,x]

Total y(t,x)

Right \.rr[t,x]

Left vI[t,x]

Total v(t,x)

Figure 3: Evenly-struck vibrating string with rigid termina tions




6 Helmholtz Motion

A bowed string exhibits a di erent kind of periodic motion. F or the larger part of the cycle, the bow
pulls the string aside. During this \sticking" phase, the string and bow move at roughly the same
velocity. Eventually the string is pulled too far aside, and so it slips back. During the \slipping"
phase, the string moves at a far di erent velocity than the bow. This stick-slip motion is named
the Helmholtz string motion in honor of Hermann von Helmholtz. He observed this motion using
a special measurement device called the vibration microsee, which he designed.

Figure 4 depicts the Helmholtz motion of a vibrating string. The top two frames show that the
traveling waves have a more complicated form than the previas examples. However, their sum
behaves quite simply{the string is made up of two line segmets, the corner of which traces out the
shape of a saucer (shown in red for illustrative purposes intie bottom frame, Figure[4).
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Figure 4: Helmholtz motion of a vibrating string with rigid t erminations

Tﬂhis is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated
GIF.8

7 Problems

The following three problems promote comprehension of the ehavior of vibrating strings.
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7.1 Problem #1

Look carefully at the initial conditions shown in Figure 5/ Determine how the waves propagate
over time and sketch the traveling-wave decomposition for atleast four key points in time during
one period. For each decomposition, you will probably nd it easiest to rst sketch what happens
to yi(t;x) and y,(t; x), and then to sketch y(t; x) as the sum of the other two due to (1).
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Figure 5: Wide, rectangular initial condition for travelin g waves in a vibrating string with
rigid terminations

It would admittedly be hard to start a string from this partic ular initial condition in real life,
but the exercise will help you understand how the rectangula pulses are summed and di erenced
at di erent points in time during the period.

7.2 Problem #2

Look carefully at the initial conditions shown in Figure 6! Determine how the waves propagate
over time and sketch the traveling-wave decomposition for atleast four key points in time during
one period.

7.3 Problem #3

You may be wondering how a vibrating string would behave if the right termination were non-
inverting instead of inverting. This could be realized physcally by attaching the end of the string
to a frictionless, vertical guide rod so that

yvi(tL)=yr(tL) (4)

It is actually easier to think of a realistic example involving columns of air. Consider pressure
waves in a pipe with the left end open and the right end closed.At the open end on the left, the
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Right yr(t,x]

Left yl[t,x]

Total y(t,x)

Figure 6: Triangular initial condition for traveling waves in a vibrating string

Right yr[t,x]

Left yl[t,x]

Total y(t,x)

Figure 7: Triangular initial condition for traveling waves in a vibrating string with a
frictionless, vertical guide rod termination on the right




pressure will be relatively small since the ambient pressie outside the pipe is low. This means that
the open end behaves like a node for air pressure waves. Comnsely, the closed right end behaves
like an anti-node for pressure waves. This is because the cled, con ned end allows the pressure
to become Iarge.@

Determine how the waves speci ed by this initial condition will propagate over time. Sketch
the traveling-wave decomposition for at least four key poins in time during one period.

8 Solutions

The following animations demonstrate the behaviors invesigated in the problems.

8.1 Solution #1
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Figure 8: Traveling waves in a vibrating string given a wide, rectangular initial condition

TES is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated
GIF.10

8.2 Solution #2
This is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated GIF@
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Right yr[t,x]

Left yI(t,x]

Total y(t,x)

Figure 9: Traveling waves in a vibrating string given a triangular initial condition

8.3 Solution #3

This is the rst frame from an animation. See the REALSIMPLE w ebsite for the animated GIF@
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Right yr[t,x]

Left yI(t,x]

Total y(t,x)

Figure 10: Traveling waves in a vibrating string with a frict ionless, vertical guide rod
termination on the right
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