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Abstract

Quadraticpeakinterpolationin azero-paddedFastFourierTransformhasbeenwidely usedfor sinusoidalparam-
eterestimationin audioapplications.Sinceit approximatesthetruespectralpeakshapewith aquadraticpolynomial,
theestimateswith non-Gaussianwindows aremoreor lessbiased.In this paper, we proposeane� cientbiascorrec-
tion methodasan extensionof the quadraticinterpolation. We show simplebias-correctingfunctionswith 4 extra
multiplicationsgreatlyimprove theestimationaccuracy. Theimprovementis up to theorderof 10 to 100,sothatthe
requiredzero-paddingfactorscanbereducedto 1.1for the0.1%errorbound.

1 Intr oduction

Sinusoidalmodeling[1, 2, 3] hasbeenwidely usedto representthemostsalientaspectsof tonalsound.A key com-
ponentof sinusoidalmodelingis theestimationof theparametersof multiple sinusoidsfrom recordeddata.Among
variousapproximatemaximumlikelihood(ML) estimators[4, 5, 6, 7, 8], quadraticinterpolationof magnitudepeaks
in a zero-paddedFastFourierTransform[1] (referredastheQuadraticallyInterpolatedFFT, or QIFFT method)has
beenwidely useddueto its simplicity andaccuracy, which is sufficientfor mostaudiopurposes[9, 10].

However, sincethe QIFFT methodapproximatesthe truespectralpeakshapewith a quadraticpolynomial,the esti-
matesaregenerallybiased.For example,thebiasesin frequency andamplitudeestimateswith no zeropaddedHann
window are1.6%and3.8%respectively [14]. If we re-synthesizeda soundwith thesedifferences,theerrorswould
yield audibleartifacts.

To reducethisbias,theQIFFTmethodis generallyusedwith acertainamountof zeropadding,in exchangefor some
computationalcosts.If weareto boundthefrequency-biasbelow 0.1%for aHannwindow of 1323samples(30msat
thesamplingfrequency of 44.1kHz),sincea zero-paddingfactorof 2.4 or greateris needed[14], we have to call for
anFFTof 4096samples.

Otherthanthezeropadding,acommonlyusedmethodto correctthebiasis to utilize aniterative,nonlinearoptimiza-
tion, suchasNewton's method[6, 11]. Or, somenon-iterative methodsusingotherfunctionsthana parabolaarealso
proposed.Abeysekera[12] proposesto useHilbert transformto approximatethepeakshape.Zacharov [13] proposes
thedichotomoussearchscheme.However, thecomputationalcostsof thesemethodsaregenerallyfarmorethanthose
of theQIFFTmethodin whichonly 6 multiplicationsand1 divisionperpeakareneeded.

In thispaper, weproposeanefficientbias-correctionmethodfor thefrequency andamplitudeestimatesof theQIFFT.
Thekey pointis to introduceinformationaboutthespectralpeakshapeaswindow-dependentbiascorrectionfunctions.
Weshow simplecubicandparabolicfunctionscanefficientlycorrectthefrequency andamplitudebiasesrespectively.
The improvementis up to theorderof 10 to 100,so that therequiredzero-paddingfactorscanbereducedto 1.1 for
the0.1%errorbound.Theproposedmethodonly requiresadditional4 multiplicationsperpeakto theoriginalQIFFT.
Noiserobustnessof theproposedmethodis alsodiscussed.

We usethefollowing symbolsin this paper:N: FFT size,M: window length,Zp: zero-paddingfactor(= N/M), and
Fs: samplingfrequency.

2 QIFFT method

The QuadraticallyInterpolatedFFT (QIFFT) methodfor estimatingsinusoidalparametersfrom peaksin spectral
magnitudedatacanbesummarizedasfollows:

1. Calculatetheamplitudeandphasespectrumof audiodata,by usinganappropriatelyzero-paddedFFT with an
appropriatewindow of anappropriatelength(pointsin Fig. 1).

2. Find thebin numberof themaximumpeakmagnitude(kmax).

3. Quadraticallyinterpolatethelog-amplitudeof thepeakusingtwo neighboringsamples(dottedline), andde�ne
∆̂ asthedistancein binsfrom kmax to theparabolapeak.
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Figure1: Quadraticinterpolationof spectralpeak
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Figure2: Threeextremecases(� = � 0:5;0, and0:5).

4. Estimatethepeakfrequency in binsaskmax+ ∆̂, andde�ne theestimatedpeaklog-amplitudeλ̂, astheinterpo-
lation (basedon ∆̂) of thelog-amplitudesamplesat k = kmax � 1, kmax, andkmax+ 1.

5. Estimatethephase,if needed,by interpolating1 thephasespectrumbasedontheinterpolatedfrequency estimate.

6. Subtractthepeakfrom theFFTdatafor subsequentprocessing.

7. Repeatsteps2-6above for eachpeak.

Notethatquadraticinterpolationis not reliably applicableto a rectangularwindow with a zero-paddingfactorbelow
1.5,sincethenumberof samplingpointsin themainlobebecomeslessthan3.

3 Inter polation Bias

A schematicdescriptionof the interpolationbiasis shown in Fig .1, in which∆ and∆̂ denotethetrueandestimated
offsetof thepeakpositionfrom thenearestFFTbin respectively (in unitsof FFTbins),andλ andλ̂ denotethetrueand
estimatedlog-amplituderespectively. We caneasilydeducefrom the �gure that theamplitudeandfrequency biases
donotdependon kmax or λ. They dependonly on theoffsetfrom theFFTbin (∆).

Threeextremecases,which are∆ = � 0.5,0 and0.5, areshown in Fig .2. When∆ = 0, both the frequency and
amplitudeestimatesareunbiased.When∆ = � 0.5, the frequency estimatesareagain unbiased,but the amplitude
estimatesaremaximallybiased.In addition,wecaneasilycon�rm thatthefrequency biasis oddsymmetric,whereas
theamplitudebiasis evensymmetric.

Figure 3 shows experimentallyobtainedbiasesin the frequency and amplitudeestimateswith Hann windows for
various∆ andzero-paddingfactors.Wecancon�rm thatthefrequency biashasthreezerosat ∆̂ = � 0.5,0 and0.5, and
theamplitudebiashasdoublezerosat ∆̂ = 0, aspredictedfrom theextremecases.
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Figure3: Experimentallyobtainedbiasesin theQIFFT (Hannwindow, FFT sizeN = 4096): frequency bias(top) andamplitude
bias(bottom).

Table1: Coefficientsof thecorrectionfunctions.

c0 c1 c2 c3
Rect 1.279369 1.756245 � 1.173273 � 3.241966
Hann 0.247560 0.084372 � 0.090608 � 0.055781

Hamm 0.256498 0.075977 � 0.116927 � 0.062882
Black 0.124188 0.013752 � 0.038073 � 0.006195

KB(1.5)* 0.309479 0.141430 � 0.132571 � 0.134588
KB(2.0) 0.199657 0.044008 � 0.078430 � 0.027973
KB(2.5) 0.135819 0.017893 � 0.045315 � 0.008833
KB(3.0) 0.097632 0.008615 � 0.027991 � 0.003516
(*) KB(α) : Kaiser-Besselwindows of theindicatedα value.

4 SimpleBias-CorrectionFunctions

Thesimplestbias-correctionfunctionswhichsatisfytheabove conditionscanbewrittenas

�∆ = ∆̂ + ξZp(∆̂ � 0.5)(∆̂ + 0.5)∆̂, (1)

�λ = λ̂ + ηZp∆̂
2, (2)

where �∆ and�λ arethebias-correctedestimates,andξZp andηZp denotethescalesof thecubicandparabolicfunctions.

As shown in Fig. 3, thescalesdependonzero-paddingfactors.To determinethedependency, weindependentlyobtain
thescalesfor some�x edzero-paddingfactorsusingleastsquaremethod,asshown by thepointsin Fig. 4. Fromthis
result,we candeducethat this dependecy canbeeffectively approximaedby combinationsof exponentialfunctions,
as

ξZp = c0Z� 2
p + c1Z� 4

p , (3)

ηZp = c2Z� 4
p + c3Z� 6

p , (4)

1Thougheitherquadraticor linearinterpolationcanbeused,weusequadraticinterpolationin thispaper.
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Figure4: Scales(� Zp, � Zp) obtainedby theleastsquaremethodindependentlyappliedfor ®xedzero-paddingfactors(points),and
thoseobtainedby theapproximationfunctions(lines). (Hannwindow, FFT sizeN = 64;128; :::;8192.)

wherec0, c1, c2 andc3 arewindow dependentcoefficients,shown in Table1.

The solid lines in Fig. 4 show the scalescalculatedby Eqs.(3) and(4). We cancon�rm that thesefunctionswell
approximatethescalesin widerangeof zero-paddingfactors.Thelinesin Fig. 5 show thebias-correctionfunctionsin
Eqs.(1), (2), (3),(4)andTable1, shown with theexperimentallyobtainedbiases(points). Althoughslight difference
canbeseenfor thezero-paddingfactorof 1.0,thebias-correctionfunctionsquitewell �t to theactualbiases.

Wecall theQIFFTmethodwith thecorrectionfunctionsas“the CorrectedQIFFT(CQIFFT)method”.Notethatsince
∆̂2 appearsin both Eqs.(1) and(2), only 4 multiplicationsper peakareneededin addition to the original QIFFT
method.

5 Comparisonof the CQIFFT with the QIFFT

5.1 Experimental conditions

Thesignalto beidenti�ed is a time-invariantcomplex sinusoid,de�ned by

x(n) = A0e j(ω0n+φ0), n = 0,1,2, . . . , (5)

whereA0, ω0, φ0 denotetheamplitude,(normalizedradian)frequency andphaserespectively. Weestimatef Â0, ω̂0, φ̂0g
usingtheQIFFTmethodandevaluatethebiases,as

Biasω = jω̂0 � ω0j/(2π/M), (6)

BiasA = jÂ0 � A0j/A0, (7)

Biasφ = jφ̂0 � φ0j/π. (8)

Note thatsincethe frequency biasis normalizedby ΩM
4
= 2π/M, whereM is thewindow length,it becomesnearly

independentof theactualwindow length.Weprepare512sinusoidsby randomlychangingfA0, ω0, φ0g, usingtheFFT
sizesN = f64,128, ...,8192g, andsettingthewindow lengthM � 31 to themaximumoddintegernotexceedingN/Zp.
By sweepingthezero-paddingfactorZp from 1.0 to 16.0with thestepof 0.1,andby takingthemaximumbiasesout
of the4096(8 FFTsizes� 512sinusoids)testsetsfor eachzero-paddingfactor, wegetthemaximumbiascurves.
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Figure5: Experimentallyobtainedbiasesin theQIFFT(points)andthebias-correctionfunctions(lines).

5.2 Results

Figures6 to 13 show thefrequency andamplitudebiasesin boththeCQIFFTandQIFFT for variouswindows. Other
thanarectangularwindow with azero-paddingfactorbelow 1.5,which is notappropriatefor theQIFFTasmentioned
in theprevioussection,theimprovementof theestimationaccuracy is up to theorderof 10 to 100for all thewindows
with any zero-paddingfactors.

Themaximumbiasesfor givenzero-paddingfactorsaresummarizedin Table2. Conversely, the requiredminimum
zero-paddingfactorsfor given error boundsareshown in Table3. To boundthe frequency-biasbelow 0.1%,zero-
paddingfactorsof f1.1, 1.1, 1.0gfor fHann,Hamming,Blackmangwindows aresufficient for the CQIFFT, whereas
f2.4, 2.4, 1.9garerequiredfor the QIFFT. The reductionof the zero-paddingfactorsis generallymorethana half,
whichgreatlyreducesthecomputationalcostsin theFFT.

6 NoiseRobustness

In this section,in order to comparethe original and correctedQIFFT methodsas an approximateML estimator,
we numericallymeasurethe error variancein the estimatedsinusoidalparametersusinga �x ed zero-paddingfactor
anda varietyof signal-to-noiseS/N ratios,wherethenoiseis chosento beadditive white Gaussiannoise(AWGN).
Speci�cally, we usean FFT size of 4096 and a Hann window with a zero-paddingfactor of 2.5. The sinusoidal
parametersarerandomlygiven,asin thenumericalexperimentsin theprevioussection.

Theresultsareshown in Fig. 14. Wealsoshow theCramer-RaoBound(CRB)andaudibleerrorlimits whichweused
0.1%in frequency and0.1dB(� 1.2%)in amplitude.At low S/N ratios(SNR< � 10dB),theerrorsarefar largerthan
theCRBs.This is theso-called“thresholdeffect”, in whichaspuriousnoisepeakis detectedinsteadof thesinusoidal
peak[4]. At moderateS/N ratios(SNR< 30dBfor theQIFFT, SNR< 60dBfor theCQIFFT),we �nd thattheQIFFT
works essentiallyaswell asthe ML estimator. At high S/N ratios,the errorsaredominatedby the biases.We can
con�rm thatthebiasesin theCQIFFTarefar smallerthanthosein theQIFFT.
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7 Summary

In this paper, we investigatedthe biasdueto quadraticinterpolation,andproposedsimplebiascorrectionfunctions
for frequency andamplitudeestimates.Themethodimprove theestimationaccuracy up to theorderof 10 to 100with
only 4 additionalmultiplicationsperpeak.

Onedrawbackof theCQIFFT is theuseof thespectralpeakshapeof a window. Since,in general,frequency chirp
in a time-varyingsinusoidwidenthepeakshape,signalsto beestimatedshouldbereasonablystablewithin window
lengthto have thebene�t of thebiascorrection.
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Figure6: Biasesin theCQIFFTandQIFFTwith rectangularwindows.
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Figure7: Biasesin theCQIFFTandQIFFTwith Hannwindows.
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Figure8: Biasesin theCQIFFTandQIFFTwith Hammingwindows.
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Figure9: Biasesin theCQIFFTandQIFFTwith Blackmanwindows.
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Figure10: Biasesin theCQIFFTandQIFFTwith Kaiser-Besselwindow of � = 1:5.
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Figure11: Biasesin theCQIFFTandQIFFTwith Kaiser-Besselwindow of � = 2:0.

10



standard

corrected

B
ia

s 
[r

at
io

 to
 2

p/
M

]

Frequency

Amplitude

Phase

B
ia

s 
[r

at
io

 to
 a

m
p.

]
B

ia
s 

[r
at

io
 to

 p
]

standard

corrected

standard

 1e-08

 1e-06

 1e-04

 0.01

 1

 1  2  4  8  16

Zero-padding factor

 1e-08

 1e-06

 1e-04

 0.01

 1

 1  2  4  8  16

Zero-padding factor

 1e-16

 1e-12

 1e-08

 1e-04

 1

 1  2  4  8  16

Zero-padding factor

Figure12: Biasesin theCQIFFTandQIFFTwith Kaiser-Besselwindow of � = 2:5.
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Figure13: Biasesin theCQIFFTandQIFFTwith Kaiser-Besselwindow of � = 3:0.
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Table2: Maximumbiasesfor givenzero-paddingfactors.

window Zp QIFFT(%) CQIFFT(%)
Frq. Amp. Frq. Amp.

Rect 1.0 19.127 32.119 29.091 107.48
2.0 1.0360 3.2756 0.0930 0.0820
3.0 0.2613 0.4572 0.0071 0.0179
4.0 0.1047 0.1315 0.0021 0.0071
5.0 0.0526 0.0520 0.0010 0.0036

Hann 1.0 1.5992 3.7933 0.1208 0.0380
2.0 0.1624 0.1587 0.0029 0.0084
3.0 0.0467 0.0298 0.0010 0.0022
4.0 0.0195 0.0093 0.0005 0.0008
5.0 0.0100 0.0038 0.0003 0.0004

Hamm 1.0 1.6008 4.6495 0.1141 0.0680
2.0 0.1663 0.1998 0.0027 0.0099
3.0 0.0479 0.0376 0.0009 0.0026
4.0 0.0200 0.0117 0.0004 0.0009
5.0 0.0102 0.0048 0.0003 0.0004

Black 1.0 0.6634 1.0531 0.0175 0.0642
2.0 0.0767 0.0572 0.0005 0.0047
3.0 0.0225 0.0111 0.0001 0.0010
4.0 0.0095 0.0035 0.0001 0.0003
5.0 0.0049 0.0015 0.0001 0.0002

KB 1.0 2.1744 7.4126 0.2321 0.2473
α = 1.5 2.0 0.2094 0.2645 0.0050 0.0189

3.0 0.0598 0.0490 0.0020 0.0056
4.0 0.0249 0.0152 0.0010 0.0020
5.0 0.0127 0.0062 0.0006 0.0009

KB 1.0 1.1728 2.6426 0.0598 0.0892
α = 2.0 2.0 0.1270 0.1259 0.0016 0.0075

3.0 0.0368 0.0240 0.0005 0.0013
4.0 0.0154 0.0075 0.0002 0.0005
5.0 0.0079 0.0031 0.0002 0.0002

KB 1.0 0.7394 1.2971 0.0226 0.0728
α = 2.5 2.0 0.0844 0.0689 0.0007 0.0054

3.0 0.0247 0.0133 0.0002 0.0011
4.0 0.0104 0.0042 0.0001 0.0004
5.0 0.0053 0.0017 0.0001 0.0002

KB 1.0 0.5110 0.7422 0.0105 0.0506
α = 3.0 2.0 0.0600 0.0416 0.0004 0.0036

3.0 0.0176 0.0081 0.0001 0.0007
4.0 0.0074 0.0026 0.0001 0.0003
5.0 0.0038 0.0011 0.0001 0.0001
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Table3: Zero-paddingfactorsrequiredfor givenbiasbounds.

window maxbias QIFFT CQIFFT
Frq. Amp. Frq. Amp.

Rect 1.00% 2.1 2.6 1.6 1.8
0.50% 2.5 3.0 1.7 1.9
0.10% 4.1 4.3 2.0 2.0
0.01% 8.7 7.5 2.9 3.5

Hann 1.00% 1.2 1.4 1.0 1.0
0.50% 1.5 1.6 1.0 1.0
0.10% 2.4 2.3 1.1 1.0
0.01% 5.0 4.0 1.5 1.9

Hamm 1.00% 1.2 1.4 1.0 1.0
0.50% 1.5 1.7 1.0 1.0
0.10% 2.4 2.4 1.1 1.2
0.01% 5.1 4.2 1.5 2.0

Black 1.00% 1.0 1.1 1.0 1.0
0.50% 1.1 1.2 1.0 1.0
0.10% 1.9 1.8 1.0 1.0
0.01% 4.0 3.1 1.2 1.7

KB 1.00% 1.3 1.5 1.0 1.0
(α = 1.5) 0.50% 1.6 1.8 1.0 1.0

0.10% 2.6 2.6 1.2 1.3
0.01% 5.5 4.5 1.7 2.6

KB 1.00% 1.1 1.3 1.0 1.0
(α = 2.0) 0.50% 1.3 1.5 1.0 1.0

0.10% 2.2 2.2 1.0 1.0
0.01% 4.7 3.8 1.4 1.9

KB 1.00% 1.0 1.1 1.0 1.0
(α = 2.5) 0.50% 1.2 1.3 1.0 1.0

0.10% 1.9 1.9 1.0 1.0
0.01% 4.1 3.3 1.2 1.8

KB 1.00% 1.0 1.0 1.0 1.0
(α = 3.0) 0.50% 1.1 1.1 1.0 1.0

0.10% 1.7 1.7 1.0 1.0
0.01% 3.7 2.9 1.1 1.6
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Figure14: RMS estimationerrorsfor a sinusoidwith AWGN (Hannwindow, N = 4096,Zp = 2:5): frequency (top), amplitude
(middle)andphase(bottom).
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