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Abstract

Quadratigpeakinterpolationin azero-paddeéfastFourier Transformhasbeenwidely usedfor sinusoidaparam-
eterestimationin audioapplications Sinceit approximateshetrue spectrapeakshapewith aquadratigolynomial,
the estimatesvith non-Gaussiawindows aremoreor lessbiased.In this paper we proposeane cientbiascorrec-
tion methodas an extensionof the quadraticinterpolation. We showv simple bias-correctingunctionswith 4 extra
multiplicationsgreatlyimprove the estimationaccurag. Theimprovementis up to the orderof 10to 100, sothatthe
requiredzero-paddindactorscanbereducedo 1.1 for the0.1%errorbound.

1 Intr oduction

Sinusoidaimodeling[1, 2, 3] hasbeenwidely usedto representhe mostsalientaspect®of tonalsound.A key com-
ponentof sinusoidaimodelingis the estimationof the parametersf multiple sinusoidsfrom recordeddata. Among
variousapproximatenaximumlik elihood (ML) estimatord4, 5, 6, 7, 8], quadratidnterpolationof magnitudepeaks
in a zero-paddedrastFourier Transform[1] (referredasthe Quadraticallyinterpolated~FT, or QIFFT method)has
beenwidely useddueto its simplicity andaccurag, whichis suficientfor mostaudiopurpose$9, 10].

However, sincethe QIFFT methodapproximateghe true spectralpeakshapewith a quadraticpolynomial,the esti-
matesaregenerallybiased.For example,the biasesn frequeny andamplitudeestimatesvith no zeropaddedHann
window are1.6%and3.8%respectiely [14]. If we re-synthesized soundwith thesedifferencesthe errorswould
yield audibleartifacts.

To reducethis bias,the QIFFT methodis generallyusedwith a certainamountof zeropadding,in exchangefor some
computationatosts.If we areto boundthefrequeng-biasbelow 0.1%for aHannwindow of 1323sampleg30msat
the samplingfrequeny of 44.1kHz),sincea zero-paddindactorof 2.4 or greateris needed14], we have to call for
anFFT of 4096samples.

Otherthanthezeropadding,a commonlyusedmethodto correctthebiasis to utilize aniterative, nonlinearoptimiza-

tion, suchasNewton's method[6, 11]. Or, somenon-iteratve methodsusingotherfunctionsthana parabolaarealso

proposedAbeyselera[12] proposedo useHilbert transformto approximatehe peakshape Zachare [13] proposes
thedichotomousearchschemeHowever, the computationatostsof thesemethodsaregenerallyfar morethanthose
of the QIFFT methodin which only 6 multiplicationsand1 division perpeakareneeded.

In this paperwe proposeanefficientbias-correctioimethodfor the frequeny andamplitudeestimate®f the QIFFT.

Thekey pointis to introduceinformationaboutthespectrapeakshapeaswindow-dependeribiascorrectionfunctions.
We shav simplecubicandparabolicfunctionscanefficiently correctthe frequeny andamplitudebiasesespectiely.

Theimprovementis up to the orderof 10 to 100, sothatthe requiredzero-paddindactorscanbe reducedo 1.1 for

the0.1%errorbound.The proposednethodonly requiresadditionald multiplicationsperpeakto the original QIFFT.

Noiserobustnes®f the proposednethodis alsodiscussed.

We usethe following symbolsin this paper:N: FFT size,M: window length,Z,: zero-paddingactor(= N/M), and
Fs: samplingfrequeng.

2 QIFFT method

The QuadraticallyinterpolatedFFT (QIFFT) methodfor estimatingsinusoidalparametersrom peaksin spectral
magnitudedatacanbe summarizedsfollows:

1. Calculatethe amplitudeandphasespectrunof audiodata,by usinganappropriatelyzero-paddedrFT with an
appropriatavindow of anappropriatdength(pointsin Fig. 1).

2. Findthebin numberof the maximumpeakmagnitudgkma)-

3. Quadraticallyinterpolatethelog-amplitudeof the peakusingtwo neighboringsamplegdottedline), andde ne
A asthedistancdn binsfrom kqax to the parabolgpeak.
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Figurel: Quadratidnterpolationof spectrapeak

Figure2: Threeextremecaseg = 0:5;0,and0:5).

4. Estimatethe peakfrequeny in binsaskmax + A, andde ne the estimatecpeaklog-amplitudel, astheinterpo-
lation (basedon A) of thelog-amplitudesamplesatk = Kmax 1, Kmax, @ndkmax + 1.

5. Estimatethephaseif neededby interpolating thephasespectrunbasedntheinterpolatedrequeny estimate.
6. Subtracthepeakfrom the FFT datafor subsequentrocessing.

7. Repeasteps2-6 above for eachpeak.

Notethatquadratidnterpolationis not reliably applicableto a rectangulamwindow with a zero-paddindgactorbelow
1.5, sincethe numberof samplingpointsin the mainlobe becomegdessthan3.

3 Interpolation Bias

A schematidescriptionof theinterpolationbiasis shavn in Fig .1, in which A andA denotethe true andestimated
offsetof the peakpositionfrom thenearesEFT bin respectiely (in unitsof FFT bins),andA andA denotethetrueand
estimatedog-amplituderespectiely. We caneasilydeducefrom the gure thatthe amplitudeandfrequeng biases
do notdependn kmax Or A. They dependonly onthe offsetfrom the FFT bin (A).

ThreeextremecaseswhichareA = 0.5,0 and0.5, areshovn in Fig .2. WhenA = 0, both the frequeng and
amplitudeestimatesareunbiased.WhenA = 0.5, the frequeny estimatesare again unbiased put the amplitude
estimatearemaximallybiased.In addition,we caneasilycon rm thatthefrequeng biasis oddsymmetricwhereas
theamplitudebiasis evensymmetric.

Figure 3 shavs experimentallyobtainedbiasesin the frequeny and amplitudeestimatesvith Hann windows for
variousA andzero-paddindactors.We cancon rm thatthefrequengy biashasthreezerosatA = 0.5,0and0.5, and
theamplitudebiashasdoublezerosat A = 0, aspredictedirom the extremecases.
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Figure 3: Experimentallyobtainedbiasesn the QIFFT (Hannwindow, FFT sizeN = 4096): frequeng bias(top) andamplitude
bias(bottom).

Tablel: Codiicientsof the correctionfunctions.

cO cl c2 c3
Rect 1.279369| 1.756245| 1.173273| 3.241966
Hann | 0.247560| 0.084372| 0.090608| 0.055781
Hamm | 0.256498| 0.075977| 0.116927| 0.062882
Black | 0.124188| 0.013752| 0.038073| 0.006195
KB(1.5)* | 0.309479| 0.141430| 0.132571| 0.134588
KB(2.0) | 0.199657| 0.044008| 0.078430| 0.027973
KB(2.5) | 0.135819| 0.017893| 0.045315| 0.008833
KB(3.0) | 0.097632| 0.008615| 0.027991| 0.003516
(*) KB(a) : KaiserBessewindows of theindicateda value.

4 Simple Bias-Correction Functions

The simplestbias-correctiorfunctionswhich satisfythe above conditionscanbe written as

A
pl

A+&, (A 05)A+05)A, (1)
A+ 17,A2, 2)

whereA andA arethebias-correcteéstimatesandéz, andrz, denotethe scalesof the cubicandparabolicfunctions.

As shavnin Fig. 3, thescaledependn zero-paddindactors.To determinghedependeng we independentlybtain
the scaledor some x edzero-paddindactorsusingleastsquaremethod,asshavn by the pointsin Fig. 4. Fromthis
result,we candeducehatthis dependeg canbe effectively approximaedy combinationsof exponentialfunctions,
as

CZ,% + &z’ 3)
CZ,* + Z,°, (4)

&z,
Nz,

1Thougheitherquadraticor linearinterpolationcanbe used we usequadratidnterpolationin this paper
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Figure4: Scaleq z,, z,) obtainecby theleastsquaremethodindependentlyppliedfor ®xedzero-paddindactors(points),and
thoseobtainedby the approximatiorfunctions(lines). (Hannwindow, FFT sizeN = 64; 128 :::;8192.)

wherecy, ¢, ¢; andcz arewindow dependentodficients,shovn in Tablel.

The solid linesin Fig. 4 shav the scalescalculatedby Egs.(3) and(4). We cancon rm that thesefunctionswell
approximatehescalesn wide rangeof zero-paddindactors.Thelinesin Fig. 5 shav the bias-correctiorfunctionsin
Egs.(1), (2), (3),(4)andTable1, shavn with the experimentallyobtainedbiasegpoints). Although slight difference
canbeseenfor the zero-paddindactorof 1.0,thebias-correctioriunctionsquitewell t to theactualbiases.

We call the QIFFT methodwith the correctionfunctionsas‘the CorrectedQIFFT (CQIFFT)method”. Notethatsince
A? appearsn both Egs. (1) and(2), only 4 multiplicationsper peakare neededn additionto the original QIFFT
method.

5 Comparisonof the CQIFFT with the QIFFT

5.1 Experimental conditions
Thesignalto beidenti ed is atime-invariantcomplec sinusoid,de ned by
x(n) = Aoej(‘“on*‘/’O), n=012..., (5)

whereAq, wo, ¢o denotetheamplitude (normalizedradian)frequeny andphaseespectiely. We estimatef Ao, &o, $og
usingthe QIFFT methodandevaluatethe biasesas

Biag, = J'fz)o woj/(2r/M), (6)
Biasa = jAo  Adj/Ao, (7)
Bias, = jdo i/m. 8

Note that sincethe frequeng biasis normalizedby Qy 2 27/M, whereM is the window length,it becomesearly
independentf theactualwindow length.We prepares12 sinusoidsy randomlychanging Ag, wo, ¢og usingthe FFT
sizesN = 64,128 ..., 81923 andsettingthewindow lengthM  31to themaximumoddintegernotexceedingN/Z.
By sweepinghe zero-paddindactorZ, from 1.0to 16.0with the stepof 0.1, andby taking the maximumbiasesout
of the4096(8 FFT sizes 512sinusoids}estsetsfor eachzero-paddindactor we getthe maximumbiascurves.
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Figure5: Experimentallyobtainedoiasesn the QIFFT (points)andthe bias-correctiorfunctions(lines).

5.2 Results

Figures6 to 13 shav thefrequeny andamplitudebiasesn boththe CQIFFTandQIFFT for variouswindows. Other
thanarectangulawindow with a zero-paddindactorbelow 1.5,whichis notappropriatdor the QIFFT asmentioned
in the previoussection theimprovementof theestimationaccurag is up to theorderof 10to 100for all thewindows
with ary zero-paddindactors.

The maximumbiasesfor given zero-paddingactorsare summarizedn Table2. Corversely the requiredminimum
zero-paddindgactorsfor given error boundsare shavn in Table 3. To boundthe frequeng-biasbelov 0.1%, zero-
paddingfactorsof f1.1, 1.1, 1.0gfor fHann,Hamming,Blackmamwindows are suficient for the CQIFFT, whereas
f2.4,2.4,1.9garerequiredfor the QIFFT. The reductionof the zero-paddingactorsis generallymorethana half,
which greatlyreduceghe computationatostsin the FFT.

6 NoiseRobustness

In this section,in orderto comparethe original and correctedQIFFT methodsas an approximateML estimatoy
we numericallymeasurehe error variancein the estimatedsinusoidalparametersisinga x ed zero-paddingactor
anda variety of signal-to-noise5/N ratios,wherethe noiseis chosento be additive white Gaussiamoise(AWGN).

Speci cally, we usean FFT size of 4096 and a Hannwindow with a zero-paddingactor of 2.5. The sinusoidal
parametergarerandomlygiven,asin the numericalexperimentsn the previoussection.

Theresultsareshovn in Fig. 14. We alsoshav the CramerRaoBound(CRB) andaudibleerrorlimits which we used
0.1%in frequengy and0.1dB( 1.2%)in amplitude.At low S/N ratios(SNR< 10dB),theerrorsarefarlargerthan
the CRBs. Thisis theso-called‘thresholdeffect”, in which a spuriousnoisepeakis detectednsteadof the sinusoidal
peak[4]. At moderateS/N ratios(SNR < 30dBfor the QIFFT, SNR< 60dBfor the CQIFFT),we nd thatthe QIFFT
works essentiallyaswell asthe ML estimator At high SN ratios, the errorsare dominatedby the biases.We can
con rm thatthebiasesn the CQIFFT arefar smallerthanthosein the QIFFT.
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Summary

In this paper we investigatedthe biasdueto quadraticinterpolation,and proposedsimple bias correctionfunctions
for frequeny andamplitudeestimatesThe methodimprove the estimationaccurag up to theorderof 10to 100with
only 4 additionalmultiplicationsperpeak.

Onedrawbackof the CQIFFT is the useof the spectralpeakshapeof a window. Since,in generalfrequeng chirp
in atime-varying sinusoidwidenthe peakshape signalsto be estimatedshouldbe reasonablystablewithin window
lengthto have thebene t of thebiascorrection.

References

(1]

(2]

(3]
(4]

(5]
(6]

(7]

(8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

J.O. Smithlll andX. Serra:®PARSHL: A programfor the analysigsynthesisof inharmonicsoundsbasedon a sinusoidal
representatiofin Proc.ICMC'87, availableat http//www-ccrma.stanford.edos/parshl.

R.J.McAulay andT. F. Quatieri:28SpeechnalysigSynthesidBasedon a SinusoidaRepresentatioh|EEE Acoust.Speech
Sig.Proc.,Vol.34,No.4,744/754(1986).

M. Goodwin:2ResiduaModelingin Music Analysis-Synthesi®Proc.|[EEE ICASSP'96,10051008(1996).

D. C. Rife andR. R. Boorstyn: 2Single-Dne ParametefEstimationfrom Discrete-Tme Obsenations} IEEE Trans.Info.
Theory 20,5, 591/598(1974).

D. J. Thomson2SpectrunistimationandHarmonicAnalysis? Proc.of the IEEE, 70,9, 10551096(1982).

T. J. Abatzoglou: 3A FastMaximum Likelihood Algorithm for Frequeng Estimationof a SinusoidBasedon Newton's
Method? IEEE Trans.Acoust.,SpeechSignalProcessing33, 1, 77/89 (1985).

B. G. Quinn: @Estimatiorof Frequeng, Amplitude,andPhasdrom the DFT of a Time Series, IEEE Trans.SignalProcess-
ing, 45,3,814817(1997).

M. D. Macleod: 2Fast Nearly ML Estimationof the Parameterof Realor Comple Single Tonesor Resohed Multiple
Tones) IEEE Trans.SignalProcessing46, 1, 141/148(1998).

R. C. MaherandJ. W. Beauchamp2FundamentaFrequeng Estimationof Musical SighalsUsing a Two-way Mismatch
ProceduréJ. Acoust.Soc.Am., 95,4, 22542263(1994).

A. Klapuri: @Multipitch Estimationand SourceSeparatiorby the SpectralSmoothnes®&rincipleS Proc.IEEE ICASSP'01,
33813384(2001).

Ph.DepalleandT. Helie: °Extractionof SpectralPeakParametersisinga Short-Time Fourier TransformModelingandNo
SidelobaVindows? Proc.[EEE ASSPWorkshopon Applicationsof SignalProcessingo Audio andAcousticstMohonk'97),
(1997).

S.S.Abeyselera:®An E cientHilbert TransforminterpolationAlgorithm for PeakPositionEstimatiorf, Proc.|IEEE Signal
ProcessingVorkshopon StatisticalSignalProcessingd17/420(2001).

Y. V. Zakharw andT. C. Tozer: @Frequeng Estimatorwith DichotomousSearchof PeriodogranPeald IEEE Electronic
Letters,35,19,16081609(1999).

M. Abe andJ. O. Smithlll: 2DesignCriteriafor the Quadraticallyinterpolated=FT Method(l): Biasdueto Interpolatiorf,
TechnicalReportSTAN-M-114, Dept.of Music, StanfordUniversity, October (2004).

M. Abe andJ. O. Smith lll: 2DesignCriteria for the QuadraticallylnterpolatedFFT Method (11): Bias dueto Interfering
Component8,TechnicalReportSTAN-M-115, Dept.of Music, StanfordUniversity, October (2004).

M. Abe andJ.O. Smithlll: 2DesignCriteriafor the Quadraticallyinterpolated=FT Method(lll): Biasdueto Amplitudeand
Frequeng Modulation? TechnicalReportSTAN-M-116, Dept. of Music, StanfordUniversity, October (2004).

M. AbeandJ.O. Smithlll: 3AM/FM RateEstimationandBiasCorrectionfor Time-VaryingSinusoidaModeling® Technical
ReportSTAN-M-118, Dept.of Music, StanfordUniversity, October (2004).



Frequency

Bias [ratio to 2p/M]
[~
@
o
=

= - - _ _standard
le-04 | Th-ll ]

corrected s —

1le-06 | i

Bias [ratio to amp.]
)
i

le-08 . . .
1 2 4 8 16

Zero-padding factor

le-04

1le-08

Bias [ratio to p]

le-12
standard

le-16 . . A
1 2 4 8 16

Zero-padding factor
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Table2: Maximumbiasedor givenzero-paddindgactors.

window | Z, QIFFT (%) CQIFFT (%)
Frg. | Amp. Frq. | Amp.
Rect | 1.0 || 19.127| 32.119| 29.091| 107.48
2.0 || 1.0360| 3.2756| 0.0930| 0.0820
3.0| 0.2613| 0.4572| 0.0071| 0.0179
4.0 || 0.1047| 0.1315| 0.0021| 0.0071
5.0 || 0.0526| 0.0520| 0.0010| 0.0036
Hann | 1.0 || 1.5992| 3.7933| 0.1208| 0.0380
2.0 0.1624| 0.1587| 0.0029| 0.0084
3.0 || 0.0467| 0.0298| 0.0010| 0.0022
4.0 || 0.0195| 0.0093| 0.0005| 0.0008
5.0 || 0.0100| 0.0038| 0.0003| 0.0004
Hamm | 1.0 || 1.6008| 4.6495| 0.1141| 0.0680
2.0 0.1663| 0.1998| 0.0027| 0.0099
3.0 || 0.0479| 0.0376| 0.0009| 0.0026
4.0 || 0.0200| 0.0117| 0.0004 | 0.0009
5.0 || 0.0102| 0.0048| 0.0003| 0.0004
Black | 1.0 || 0.6634| 1.0531| 0.0175| 0.0642
2.0 || 0.0767| 0.0572| 0.0005| 0.0047
3.0 || 0.0225| 0.0111| 0.0001| 0.0010
4.0 || 0.0095| 0.0035| 0.0001| 0.0003
5.0 || 0.0049| 0.0015| 0.0001| 0.0002
KB 1.0 2.1744| 7.4126| 0.2321| 0.2473
a=15| 20| 0.2094| 0.2645| 0.0050| 0.0189
3.0 || 0.0598| 0.0490| 0.0020| 0.0056
4.0 || 0.0249| 0.0152| 0.0010| 0.0020
5.0 || 0.0127| 0.0062| 0.0006| 0.0009
KB 1.0 1.1728| 2.6426| 0.0598 | 0.0892
a=20 20| 0.1270| 0.1259| 0.0016| 0.0075
3.0 | 0.0368| 0.0240| 0.0005| 0.0013
4.0 | 0.0154| 0.0075| 0.0002| 0.0005
5.0 || 0.0079| 0.0031| 0.0002| 0.0002
KB 1.0 | 0.7394| 1.2971| 0.0226| 0.0728
a=25|20| 0.0844| 0.0689| 0.0007| 0.0054
3.0 || 0.0247| 0.0133| 0.0002| 0.0011
4.0 || 0.0104| 0.0042| 0.0001| 0.0004
5.0 || 0.0053| 0.0017| 0.0001| 0.0002
KB 1.0 | 0.5110| 0.7422| 0.0105| 0.0506
a=30 | 2.0 | 0.0600| 0.0416| 0.0004| 0.0036
3.0 || 0.0176| 0.0081| 0.0001| 0.0007
4.0 || 0.0074| 0.0026| 0.0001| 0.0003
5.0 || 0.0038| 0.0011| 0.0001| 0.0001

12



Table3: Zero-paddindactorsrequiredfor givenbiasbounds.

window | maxbias QIFFT CQIFFT
Frg. | Amp. || Frg. | Amp.
Rect 1.00% 21 2.6 1.6 1.8
0.50% 25 3.0 1.7 1.9
0.10% 4.1 4.3 2.0 2.0
0.01% 8.7 7.5 2.9 3.5
Hann 1.00% 1.2 1.4 1.0 1.0
0.50% 15 1.6 1.0 1.0
0.10% 2.4 2.3 11 1.0
0.01% 5.0 4.0 15 1.9
Hamm 1.00% 1.2 1.4 1.0 1.0
0.50% 15 1.7 1.0 1.0
0.10% 2.4 2.4 11 1.2
0.01% 5.1 4.2 15 2.0
Black 1.00% 1.0 1.1 1.0 1.0
0.50% 11 1.2 1.0 1.0
0.10% 1.9 1.8 1.0 1.0
0.01% 4.0 3.1 1.2 1.7
KB 1.00% 1.3 15 1.0 1.0
(@ =15)| 0.50% 1.6 1.8 1.0 1.0
0.10% 2.6 2.6 1.2 1.3
0.01% 5.5 45 1.7 2.6
KB 1.00% 11 1.3 1.0 1.0
(¢ =20)| 0.50% 1.3 15 1.0 1.0
0.10% 2.2 2.2 1.0 1.0
0.01% 4.7 3.8 1.4 1.9
KB 1.00% 1.0 1.1 1.0 1.0
(@ =25) | 0.50% 1.2 1.3 1.0 1.0
0.10% 1.9 1.9 1.0 1.0
0.01% 4.1 3.3 1.2 1.8
KB 1.00% 1.0 1.0 1.0 1.0
(¢ =3.0) | 0.50% 1.1 1.1 1.0 1.0
0.10% 1.7 1.7 1.0 1.0
0.01% 3.7 2.9 11 1.6
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Figure14: RMS estimationerrorsfor a sinusoidwith AWGN (Hannwindow, N = 4096,Zp = 2:5): frequeny (top), amplitude

(middle)andphasgbottom).
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